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Abstract

Hofmeister considered the automorphism groups of antipodal graphs through the exploration of graph covers. In this note we
extend the exploration of automorphism groups of distance preserving graph covers. We apply the technique of graph covers to
determine the automorphism groups of uniform subset graphs I'(2k, k, k — 1) and I'(2k, k, 1). The determination of automorphism
groups answers a conjecture posed by Mark Ramras and Elizabeth Donovan. They conjectured that Aut(I'(2k, k, k—1)) = Sy x <
T >, where T is the complementation map X — T(X) = X¢ ={1,2,...,2k}\ X, and X is a k-subset of 2 = {1,2, ..., 2k}.
© 2018 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In this paper, all graphs considered are assumed to be finite and simple. For a graph I, welet V(I"), E(I"), Aut(I")
and e = {x, y} denote the vertex set, the edge set, the automorphism group and an edge with endpoints x and y,
respectively. A graph I' is vertex-transitive if Aut([") acts transitively on V(I"). For a graph I',x € V(I"), we set
Ii(x) ={y e V(IN|d(x,y) =i} and e(x) = max{d(x, y)|y € V(I')}, where d is the usual shortest distance path in
I'. Let P be a partition of V(I"). By the quotient graph ' /P is meant the graph with

VI'/P)="P;
(X, Y}e EQ'/P) < X #Y and{x,y} € E(I")forsomex € X,y €Y.

A graph I' is said to be antipodal if the collection of sets {x} U I'¢)(x) is a partition of V(I").

For a graph I" and A C V(I"), the minimum distance of A is defined by d(A) := min, , y£ycad(x, y).

Chen and Lih [1] introduced uniform subset graphs. This is a generalisation of such graphs as Kneser graphs and
Johnson graphs. They are defined by the following. Let n, k be positive integers such that n > 2k, and i a non-negative
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integer with i < k. Let £2 = {1,2, ..., n} and 2 the set of all k-subsets of {2. A uniform subset graph I'(n, k, i)
is defined by

V(I '(n, k, i) = 2W;
(X,Y} e E(n, k,i)) < |XNY|=i, X, Y e,

Let {2 be a non-empty set. Sy, denotes the set of permutations of the set 2. If {2 = {1,2,...,n}, S is written
S,. Since S, is k-transitive for all k < n and preserves the size of intersection sets, it is easy to see that uniform
subset graphs are vertex transitive. However, it is surprisingly difficult to determine their full automorphism groups.
Amongst the many classes of uniform subset graphs it has only been determined that Aut(I'(2k + 1, k, 0)), the
automorphism group of the so called Odd graphs, is S,, and more recently, Ramras and Donovan [2] proved that
Aut(I'(n, k, k — 1)), n # 2k coincides with S,,. Further, they conjectured that Aut(I'(2k, k, k — 1)) = S, x (T), where
T is the complementation map X + T(X) = X¢ ={1,2,...,n}\ X, and X € 2%,

In this note we determine the automorphism groups of the uniform subset graphs I'(2k, k, 1) and I'(2k, k, k — 1).

2. Automorphisms of graph covers

In order to determine the automorphism groups of the graphs in question, we employ Hofmeister’s [3] strategy.
He determines the automorphism group of a graph cover by first looking at the quotient (folded) graph. The
key observation in analysing the automorphism group of the cover is in understanding the interplay between
automorphisms of the cover and their corresponding quotient.

Definition 1. Let /" and A be graphs and r > 2 be an integer. A is called an r-cover of [ if there is an epimorphism
p: A — I, called the covering projection, such that

() |p~'(x)| =r, forevery x € V(I');
(i) p bijectively sends A;(x) to I'1(p(x)) for each x € V(I').

The graph I is called the fold of A.

Gross and Tucker [4] have shown that graph covers arise from permutation voltage graphs so that the consideration
of the former amounts to focusing on the later. Permutation voltage graphs are defined in the following.

For a graph I', let A(I") be the arc set of the corresponding symmetric digraph. A permutation voltage assignment
in a symmetric group S, for I' is a mapping f : A(I') — S, such that f((x, y)) = (f((y, x)))~!, for any arc (x, y) in
A(D).

Given a graph I" and a permutation voltage assignment f, the derived graph Iy is the graph with

V(I =V x{1,2,...,r};
{(x,0), (v, DY € ETy) = {x, v} € E(D), (f(x,y))i = J.

Gross and Tucker’s reductions, as alluded to, is the content of the following two results.

Theorem 1 ([4]). Let I' be a graph and f : A(I') — S, a permutation voltage assignment. Then the natural
projection py : I'r — I (sending vertex (u, i) of I'y to vertex u of I') is an r-fold covering projection.

Theorem 2 ([4]). Let p : A — I be a r-fold covering projection. Then there is an assignment f of voltages in
the symmetric group S, for I' such that the covering projections p and py are isomorphic with respect to the trivial
automorphism.

It is in the context of permutation voltage graphs that Hofmeister [3] considered the interplay between the
automorphisms of graph covers and their corresponding quotient graphs. The essence of this interplay is in the
following. Let H < Aut(I") be a group of automorphisms of the graph I'. A H-automorphism of a covering projection
o A — I'is apair (¢, ¥), consisting of an automorphism ¢ € H and an automorphism ¢ : A — A, such that
ep = py.

As a generalisation, we consider r-coverings that are defined by semi-regular automorphisms in vertex-transitive
graphs. A semi-regular element of an automorphism group of a graph is a non-identity element having all cycles of
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equal length in its cycle decomposition. In case of vertex transitive graphs admitting a semi-regular automorphisms,
the following generalises antipodal coverings.

Lemma 1. Let I' be a vertex transitive graph. Let o be a semi-regular automorphism of I' such that the orbits of
o partition V(I') in such a way that for each orbit of the automorphism, X, d(X) > 2. Then the natural projection
f:I' — I'/o defined by x — X, x € X, is a covering, where I' /o is the partition induced by o.

Proof. That | f~!(x)| = r, for some fixed positive integer r, is an immediate consequence of semi-regularity of o.

For any y,z € N(x),y # z, the orbit of the automorphism containing y is distinct from the orbit of the
automorphism containing z, since d(X) > 2. Therefore |N(X)| > |N(x)| and by vertex transitivity |N(X)| =
IN(x)|. O

The critical issue Hofmeister [3] observed is the result we generalise to graph covers in Lemma 1. In this context,
the result below follows from the fact that graph automorphisms are distance preserving.

Theorem 3. Let I' be a vertex transitive graph. Let o be a semi-regular automorphism of I' such that the orbits of o
partition V(I') in such a way that for each orbit of the automorphism, X, d(X) > 2. Let p : I' — I'/o be a covering
projection and ' an automorphism of I'. Then there is an automorphism ¢ of I' /o such that op = pyr, where I' /o
is the quotient induced by o.

Following Hofmeister [3], we let the group SY/” act on the set of permutation voltage assignments in S, for any
I'by II(f(x,y)) = ny’lf(x, v)my when II = (m,),ev(r). The stabiliser of f under this action will be denoted by
Fix(I, f).

In this generalised context, we recoup Hofmeister’s characterisation of the automorphism groups of graph covers
with respect to those of the corresponding quotient graphs and furthermore the argument of the proof of Theorem 5
in [3] holds.

Theorem 4. Let I' be a vertex transitive graph. Let o be a semi-regular automorphism of I such that the orbits of
o partition V(I') in such a way that for each orbit of the automorphism, X, d(X) > 2. Then there is a short exact
sequence

1 — Fix(I', f) — Aut(I'y) — Aut(I); — 1.

3. Automorphisms of I'(2k, k, k — 1) and I'(2k, k, 1)

We now show that the graphs I'(2k, k, k — 1) and I'(2k, k, 1) are covers of a graph I'(2k, k, i)/o, of which we can
determine its automorphism group. Using Theorem 4, we therefore determine automorphism groups of I'(2k, k, k—1)
and I'(2k, k, 1).

Now, consider o : I'(2k, k, i) — I'(2k, k,i),i = 1,k — 1 defined by

o(X)= N\ X. (D

It is easy to see that o is an automorphism of I'(2k, k, i). Moreover, d(X, 2 \ X) = e(X)ifi = k — 1 and
d(X, 2\ X)=3ifi = 1. Hence we have the following.
Corollary 1. I'(2k, k,i),i =1,k — 1 are covers of I'(2k, k,i)/o.

To determine automorphism groups of I'(2k, k, k — 1) and I'(2k, k, 1), it is enough to work out the automorphism
groups of I'(2k, k,i)/o,i =1,k — 1.
Now, as for I'(2k, k,i)/o,i = 1, k — 1, we have the following.

Lemma 2. Let o be the map defined in Eq. (1). Then

(1) Sox = (a subgroup of) Aut(I'(2k, k,i)/o),i =1,k — 1.
() I'k,k,i)/o,i =1,k — 1 is vertex transitive.
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Proof. (i) Let X = {A, B} € V(I'(2k, k,i)/o). The symmetric group Sy, acts on V(I'(2k, k,i)/o) by 6(X) =
{6(A),0(B)}, where 6 € Sy.. Moreover 0 preserves the size of intersections. Hence Sy = (a subgroup of)
Aut(I' 2k, k,i)/o),i =1,k — 1.

@i) Let {{a1, a2, ..., ax}, {b1, b, ..., i3}, {a), a5, .. a ), (0], D), ..., b)) € T'(2k, k,i)/o. Then the permuta-
tion & = (:; A A ig) takes {{ar. aa. ... ac}. b1, ba. ... bi}) to ({a]. ab. ... ap). (B, B ...

b,’(}} and hence Sy acts transitively on I'(2k, k,i)/o,i = 1,k — 1. O

We now determine the automorphism group of I'(2k, k,i)/o,i =1,k — 1.
Theorem 5. Aut(I'(2k, k,i)/0) = Sx.

Proof. Let X = {{1,2,...,k},{k+1,k+2,...,2k}}. Since the graph I'(2k, k, i)/o is vertex transitive, to determine
the order of the group, by the orbit—stabiliser theorem, it is enough to work out the order of the stabiliser of X, Stab(X).

Set A={1,2,...,k},B=1{k+1,k+2,...,2k}. Leti € A and j € B. Then the set C; of vertices of the form
Ci={i}UB\{j},(A\ {i}) U{j}} defines a distinct clique for each fixedi € A in ['(2k, k, i)/o. Hence there is a
1-1 correspondence between the set of cliques C = {C; :i =1,2,...,k}and A.

Now any automorphism in Stab(X) that fixes C = {C; : i = 1,2, ..., k} induces a permutation of Sy4.

Similarly the set D; of k vertices of the form D; = {{j}U(A\{i}), (B\{j})U{i}} defines a distinct clique for each
fixed j € Bin I'(2k, k, i)/o. By similar argument any automorphism that fixes D ={D; :i =k + 1,k + 2, ..., 2k}
induces as well a permutation of Sg.

It is easy to see that any automorphism in Stab(X) must either fix cliques in C or interchange them with those in
D. Hence |Stab(X)| = 2(k!)(k!).

Now, since (I'(2k, k,i)/o) has % vertices then |Aut(I'(2k, k,i)/o)| = (2k)! So, in view of Lemma 2
Aut(I'(2k, k,i)/o) = Sx.

Theorem 6. Aut(I'(2k, k,i)) = Sy x S»,i =1,k — 1.
Proof. Fix(I'(2k, k,i), f) = S,,i = 1, k — 1 and by Theorem 4 the result follows. [J
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