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Using the Sagdeev potential method, the existence of large amplitude dust-acoustic solitons and

supersolitons is investigated in a plasma comprising cold negative dust, adiabatic positive dust,

Boltzmann electrons, and non-thermal ions. This model supports the existence of positive potential

supersolitons in a certain region in parameter space in addition to regular solitons having negative

and positive potentials. The lower Mach number limit for supersolitons coincides with the

occurrence of double layers whereas the upper limit is imposed by the constraint that the adiabatic

positive dust number density must remain real valued. The upper Mach number limits for negative

potential (positive potential) solitons coincide with limiting values of the negative (positive)

potential for which the negative (positive) dust number density is real valued. Alternatively, the

existence of positive potential solitons can terminate when positive potential double layers occur.
VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4818439]

I. INTRODUCTION

Dust occurs in a number of astrophysical environments

such as planetary rings, planetary nebulae, cometary tails,

and also closer to us, in the form of noctilucent clouds in

the mesosphere. What makes dusty plasmas unique is that a

dust grain is not only very heavy with the mass varying

between 106 � 1012 proton masses but also it acquires, most

often, a large negative charge with, anywhere between

104 � 108 electronic charges. Furthermore, the charge on a

dust grain does not remain constant, but it fluctuates which

makes dusty plasmas different from the conventional ion-

electron plasmas. Because of the smallness of the charge-

to-mass ratio of a dust particle in comparison to that for an

ion (singly charged) or electron, the dynamics of the mas-

sive charged dust occurs on much longer time scales than

those associated with the motions of the ions or electrons.

A dusty plasma thus supports ultra-low frequency waves,

the most notable of which is the dust-acoustic wave (DAW)

which has a frequency of only a few Hz. The pressures of

the electrons and ions provide the restoring force whereas

the inertia required to support the DAW is provided by the

dust.

Arbitrary amplitude dust-acoustic solitary structures in

multi-component dusty plasmas having fluid or Maxwellian

distributed electrons/ions have been studied by Mamun.1–3 A

mathematical form for a velocity distribution which has high

energy tails in space plasmas and is characterized by the

non-thermal parameter a was first proposed by Cairns et al.4

Ion-acoustic solitary wave structures having both negative

and positive potentials were found to be simultaneously sup-

ported if a non-thermal velocity distribution is assumed for

the electrons (a ¼ 0:2) as opposed to only positive potential

structures being possible for electrons which are Boltzmann

distributed (a ¼ 0). Following the study in Ref. 4, there was

tremendous theoretical interest in nonlinear DAWs where

the lighter ions or electrons are modelled by a non-thermal

velocity distribution. Mamun et al.5 studied nonlinear DAWs

in a system with cold negatively charged dust and non-

thermal ions. They found both negative and positive poten-

tial dust-acoustic solitary waves. Similarly, the models with

adiabatic negative dust and non-thermal ions6,7 were also

found to support the existence of positive potential dust-

acoustic (DA) solitary waves. The positive potential solitary

waves in Ref. 7 are limited by the occurrence of positive

potential double layers8 although the connection between the

solitary waves of Ref. 7 and the double layers of Ref. 8 was

not pointed out in Ref. 8.

The reasons for the existence of upper limits on the

Mach number supporting dust-acoustic solitary waves were

discussed in detail by Verheest and Pillay9 for a model which

is similar to that of Ref. 7 except that the dust is treated as

cold. Negative potential solitary wave structures were found

to be limited by infinite compression in the number density of

the negative dust whereas positive double layers (DLs) were

found to occur as upper limits on the Mach number ranges

supporting positive potential solitary waves. Reversing the

polarity on the dust and the non-thermal species in the model

of Ref. 9, Verheest and Pillay10 showed that negative poten-

tial solitary waves are possible. The positive potential solitary

wave structures are limited by infinite compression in the

positive dust number density whereas the negative potential

structures are limited by the occurrence of negative potential

DLs. The pattern which emerges from the studies based on

the models of Refs. 5–10 is that non-thermal effects of the

ions (electrons) drive the existence of DA solitary waves hav-

ing positive (negative) polarity in dusty plasmas containing

only one component of inertial charged dust which is nega-

tive (positive). Furthermore, the solitary waves having posi-

tive (negative) potential which are driven by non-thermal

effects of the ions (electrons) are limited by the occurrence of

positive (negative) potential double layers.
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Verheest11 discusses the existence of large amplitude

dust-acoustic solitary waves in a model composed of both

negative and positive cold dust species and inertialess ions

and electrons which are both non-thermal. Negative potential

solitary waves were found to be limited either by infinite

compression in the number density of the negative dust or

the occurrence of negative double layers. Positive potential

solitary waves were limited only by the onset of infinite posi-

tive dust compression since positive double layers were not

found. An unusual situation was reported in Refs. 11 and 12

where negative or positive potential solitary waves were still

found to occur for Mach number values which exceed that of

a double layer (cf. Fig. 8 of Ref. 11 and Fig. 3(b) of Ref. 12).

These negative or positive potential solitary wave structures

are supersolitons13,14 which were limited by infinite com-

pression in the number density of the negative dust (Ref. 11)

or ions (Ref. 12). As pointed out in Refs. 13 and 14, superso-

litons differ from the regular solitons in that their electric

field profiles appear slightly distorted because of the pres-

ence of subsidiary extrema in the wings of the bipolar elec-

tric field structures. We recall that the existence regions and

the factors limiting the existence of supersolitons of the ion-

acoustic type are discussed in Ref. 13, whereas dust ion-

acoustic supersolitons were investigated in Ref. 14.

Insights into how to identify the regions in parameter

space where opposite polarity dust-acoustic solitary waves can

coexist was provided by Verheest15 for a model with negative

dust, Boltzmann distributed cool ions, and hot ions which are

non-thermal. Coexistence of negative and positive potential

solitary waves is found to be supported when the third deriva-

tive of the Sagdeev potential at the acoustic speed vanishes.15

Extending the model of Ref. 16 to include non-thermal

effects of the ions, the model composed of cold negative

dust, adiabatic positive dust, Boltzmann electrons, and non-

thermal ions was adopted by Maharaj et al.17 to investigate

the existence regions of large amplitude dust-acoustic soli-

tary waves. In this paper we revisit the model of Ref. 17, but

here we perform a more indepth study of the existence

regimes of DA solitons by focusing on the upper limits on

the admissible soliton Mach number ranges. We recall that

in Ref. 17 only the lower limits on the Mach number ranges

supporting DA solitons were considered. Here we do not

only provide physical insight into why upper limiting values

of the Mach number arise for DA solitons, but we also ex-

plicitly calculate these upper Mach number limits.

Combining the upper Mach number limits found here with

the lower limits discussed in Ref. 17, we present here the ad-

missible DA soliton Mach number ranges for much broader

regions in parameter space than those found supporting DA

solitons in Ref. 17. Our main objective in this study will be

to focus on the positive potential soliton structures and to

determine to what extent are non-thermal effects of the ions
necessary for the existence of positive potential solitons for

a two-dust model. Here, we show for the first time the exis-

tence of dust-acoustic supersolitons and emphasize how the

Sagdeev potential and the corresponding electric field pro-

files of these nonlinear structures differ from those of regu-

lar solitons. It is important to mention that throughout the

paper we refer solitary and super solitary wave solutions as

solitons and supersolitons. This terminology has been used

in many earlier studies, including Verheest et al.13,14

In Sec. II we present our model and governing equa-

tions. In Sec. III we justify why upper limits arise on the ad-

missible dust-acoustic soliton and supersoliton Mach number

ranges found in this paper. Existence regions of dust-

acoustic solitons as well as supersolitons are presented and

discussed in Sec. IV. Finally, we conclude by presenting a

summary of our results in Sec. V.

II. THEORETICAL MODEL AND GOVERNING
EQUATIONS

We consider a four component unmagnetized dusty

plasma comprising a negatively charged cold dust fluid, a

positively charged warm dust fluid, non-thermal ions, and

Boltzmann electrons. The ions are assumed to be non-thermal

and have a velocity distribution similar to that used for non-

thermal electrons in the study by Cairns et al.4 with the nor-

malized non-thermal ion number density given by

ni ¼ lið1þ bWþ bW2Þe�W: (1)

Here W is the normalized electrostatic potential (with respect

to kBTi=e) and b ¼ 4a=ð1þ 3aÞ with a being the ion non-

thermal parameter4 and li ¼ ni0=ðZdnndn0Þ is the normalized

equilibrium ion number density. Setting a ¼ 0, the expression

(1) for the number density of the non-thermal ions reverts to

that for Boltzmann ions considered in the model of Mamun.16

The electrons are in thermal equilibrium at temperature

Te. Their number density in normalized form is given by the

Boltzmann expression

ne ¼ leerW; (2)

where r ¼ Ti=Te and le ¼ ne0=ðZdnndn0Þ is the normalized

equilibrium electron number density.

The basic set of equations in normalized form governing

the dynamics of the negative and positive dust species as

appears in Ref. 17 is given by

@ndn

@t
þ @ðndnvdnÞ

@x
¼ 0; (3)

@vdn

@t
þ vdn

@vdn

@x
¼ @W
@x

; (4)

@ndp

@t
þ @ðndpvdpÞ

@x
¼ 0; (5)

@vdp

@t
þ vdp

@vdp

@x
¼ �d

@W
@x
þ rdp

ndp

@Pdp

@x

� �
; (6)

@Pdp

@t
þ vdp

@Pdp

@x
þ 3Pdp

@vdp

@x
¼ 0: (7)

The system of equations is closed by Poisson’s equation

which is given by
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@2W
@x2
¼ ndn � ndp þ leerW � lið1þ bWþ bW2Þe�W: (8)

The normalizations we have used are the same as in Ref. 16.

The normalized quantity ndn (ndp) denotes the number density

of the negative (positive) dust having been normalized by its

equilibrium number density ndn0 ðndp0Þ, the negative (posi-

tive) dust fluid velocity in dimensionless form is denoted by

vdn (vdp) having been normalized by Cdn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZdnkBTi=mdn

p
,

the electrostatic wave potential in dimensionless form is

denoted by W having been normalized by kBTi=e, the normal-

ized pressure of the positive dust fluid is denoted by Pdp

having been normalized by ndp0kBTdp where Tdp denotes

the equilibrium temperature of the positive dust fluid. The

ratio of the charge-mass ratios of the positive and negative dust

species is given by d ¼ Zdpmdn=Zdnmdp; rdp ¼ Tdp=ðZdpTiÞ
is the normalized temperature of the positive dust, and

ldp ¼ Zdpndp0=Zdnndn0 is the normalized equilibrium positive

dust number density. In the definitions above, mdnðmdpÞ is the

mass of the negative (positive) dust grains, and ZdnðZdpÞ
denotes the number of electrons (positive charges) residing

on a negative (positive) dust grain. The temperature of the

ions (electrons) is denoted by Ti (Te), e denotes the magnitude

of the electronic charge, and kB is the Boltzmann constant.

Time t is normalized with respect to xpn
�1 ¼

ðmdn=4pZdn
2ndn0e2Þ1=2

and spatial variable is normalized by

kD ¼ ðkBTi=4pZdnndn0e2Þ1=2
.

Charge neutrality at equilibrium (in unnormalized form)

is assumed, viz.,

ni0 þ Zdpndp0 ¼ ne0 þ Zdnndn0; (9)

which in normalized form yields

li þ ldp ¼ le þ 1: (10)

Examination of Eq. (10) reveals that our choice of normal-

izations16 takes into account the sharing of positive charge

between the positively charged dust and the free positive

charge. We have assumed that the equilibrium number den-

sity of the negative dust is never zero because our normaliza-

tions are with respect to the negative dust. We also assume

that the ion number density is never zero since our normaliz-

ing acoustic speed Cdn is defined in terms of ion pressure (fi-

nite value for Ti).

Following the procedure in Ref. 6 to obtain solitary

wave solutions, the set of equations (3)–(8) in the stationary

frame n ¼ x�Mt (where the Mach number M is the velocity

of the nonlinear structure normalized with respect to the

dust-acoustic speed Cdn) yields

�M
@ndn

@n
þ @ðndnvdnÞ

@n
¼ 0; (11)

�M
@vdn

@n
þ vdn

@vdn

@n
¼ @W
@n

; (12)

�M
@ndp

@n
þ @ðndpvdpÞ

@n
¼ 0; (13)

�M
@vdp

@n
þ vdp

@vdp

@n
¼ �d

@W
@n
þ rdp

ndp

@Pdp

@n

� �
; (14)

�M
@Pdp

@n
þ vdp

@Pdp

@n
þ 3Pdp

@vdp

@n
¼ 0; (15)

@2W

@n2
¼ ndn � ndp þ leerW � lið1þ bWþ bW2Þe�W: (16)

Using the boundary conditions ndn ! 1; ndp ! ldp;
ne ! le; ni ! li; vdn ! 0; vdp ! 0; Pdp ! 1, and W! 0

at n! 61, we obtain the expressions for the number den-

sities of the cold negative dust and adiabatic positive dust

which are given by

ndn ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2W
M2

r ; (17)

ndp ¼ ldp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2 þ 3drdp

p
Þffiffiffiffiffiffiffiffiffiffiffiffi

6drdp

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2dW
ðM2 þ 3drdpÞ

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2dW
ðM2 þ 3drdpÞ

� �2

� 12drdpM2

ðM2 þ 3drdpÞ2

svuut : (18)

If we choose to neglect the pressure of the positive dust fluid

(rdp ¼ 0), instead of Eq. (18), we have the simpler expression

ndp ¼
ldpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2dW
M2

r : (19)

The expressions (17)–(19) are identical to those which were

obtained in Ref. 16.

Now putting Eqs. (17) and (18) in Eq. (16), multiplying

Eq. (16) by dW=dn, and after integrating, we finally obtain

the energy-integral like equation given by

1

2

dW
dn

� �2

þ VðWÞ ¼ 0; (20)

from which the expression for the Sagdeev potential VðwÞ
can be obtained, which, for our model, yields
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VðWÞ ¼ �M2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2W

M2

r
� 1

" #
þ

ldpM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 3drdp

p
d
ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 12drdpM2

ðM2 þ 3drdpÞ2

svuut
2
64

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2dW

M2 þ 3drdp

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2dW

M2 þ 3drdp

� �2

� 12drdpM2

ðM2 þ 3drdpÞ2

svuut
3
75

þ
2
ffiffiffi
2
p

rdpldpM3

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 3rdpd

p
Þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 12drdpM2

ðM2 þ 3drdpÞ2

svuut
0
B@

1
CA
�3

2
664

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2dW

M2 þ 3drdp

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2dW

M2 þ 3drdp

� �2

� 12drdpM2

ðM2 þ 3drdpÞ2

svuut
0
B@

1
CA
�3
3
775

�le

r
½expðrWÞ � 1� þ li½1þ 3b� ð1þ 3bþ 3bWþ bW2Þexpð�WÞ�: (21)

We can neglect non-thermal effects of the ions by simply

setting a ¼ 0, in which case, our expression (21) is in agree-

ment with Eq. (32) in Ref. 16.

The solitary wave solutions of Eq. (20) exist if (i)

ðd2VðWÞ=dW2ÞW¼0 < 0 so that a maximum occurs at the ori-

gin (the fixed point at the origin is unstable), (ii) VðWÞ < 0

when 0 < W < Wmax for positive potential solitary waves and

Wmin < W < 0 for negative potential solitary waves where

WmaxðminÞ is the maximum (minimum) value of W for which

VðWÞ ¼ 0, and (iii) ðd3VðWÞ=dW3ÞW¼0 > 0 ð< 0Þ for posi-

tive (negative) potential solitary waves. In addition to the local

maximum condition having to be satisfied at the origin (i), one

requires VðW ¼ WmÞ ¼ 0; ðdVðWÞ=dWÞW¼Wm
¼ 0, and

ðd2VðWÞ=dW2ÞW¼Wm
< 0 such that VðWÞ < 0 for

0 < jWj < jWmj for negative or positive potential double layer

solutions.

In the limit of small solitary wave amplitude, we can

expand VðWÞ about W ¼ 0 to third order to obtain

VðWÞ ¼ C2W
2 þ C3W

3; (22)

where

C2 ¼
1

2
ðd2VðWÞ=dW2ÞW¼0

¼ � 1

2
lið1� bÞ þ ler�

1

M2
1þ

dldp

1� ð3drdp=M2Þ

 !" #

(23)
and

C3 ¼
1

6
ðd3VðWÞ=dW3ÞW¼0

¼ 1

6
li � ler

2 � 3

M4
1� d2ldp

ð1þ ðdrdp=M2ÞÞ
½1� ð3drdp=M2Þ�3

 !" #
:

(24)

We point out that in the absence of non-thermal ion effects

(b ¼ 0) our derived expressions (23) and (24) revert to the

expressions (34) and (35) in Ref. 16.

The solution of Eq. (20) with VðWÞ given by Eq. (22) in

the limit of small wave amplitude is given in Ref. 16 as

W ¼ �C2

C3

� �
sech2

ffiffiffiffiffiffiffiffiffi
�C2

2

r
n

 !
: (25)

If we closely examine Eq. (25), we can conclude that for

C2 < 0 (local maximum condition at origin) that small am-

plitude positive (negative) potential solitary wave solutions

occur if C3 > 0 ðC3 < 0Þ.
In order for the local maximum condition to be satisfied

at the origin (W ¼ 0), viz., C2 < 0, where C2 is given by Eq.

(23), this establishes that the critical Mach number value

must be exceeded for solitary wave solutions to be possible,

i.e., M > Mcrit where Mcrit which satisfies C2 ¼ 0 is given by

the expression

Mcrit¼
1þldpdþ3drdp½li�libþler�

2ðli�libþlerÞ
þ

1þldpdþ3drdp½li�libþler�
2ðli�libþlerÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 12drdpðli�libþlerÞ
½1þldpdþ3drdpðli�libþlerÞ�2

s )1=2

:

8<
:

(26)

Whilst the expression (26) provides a lower limit on the

range of Mach numbers for solitary waves to exist, upper

Mach number limitations also occur for solitons, and justifi-

cation for why these should occur is discussed in Sec. III.
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III. REASONS WHY UPPER MACH NUMBER LIMITS
EXIST FOR DA SOLITONS AND SUPERSOLITONS

Considering first why upper bounds arise on the Mach

number ranges supporting positive potential solitons, it is

clear from the expression for the number density of the adia-

batic positive dust (18) that there exists a limiting value of

W, viz., Wmax=adiabatic ¼ M2þ3drdp

2d �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12drdpM2
p

2d such that if W
exceeds Wmax=adiabatic then Eq. (18) is no longer real valued.

For values of the Mach number which exceed the critical

value (26), positive potential solitons will get stronger (am-

plitude will increase) with increasing values of the Mach

number. This will not occur indefinitely but will terminate

once Wmax=adiabatic is reached. The upper M limit for positive

potential solitons which coincides with the limiting value

of the potential Wmax=adiabatic is obtained by solving

VðW ¼ Wmax=adiabaticÞ ¼ 0. If this upper limiting value of M

is exceeded then Eq. (18) becomes complex valued because

W > Wmax=adiabatic, in which case, VðWÞ will no longer have a

positive root, and solitons having positive potentials are no

longer possible. Similarly, if the positive dust pressure is

neglected (rdp ¼ 0), then the limiting value for positive val-

ues of the potential is given by Wmax=cold ¼ M2=2d, which

now corresponds to infinite compression in the number den-

sity of the positive dust (19). In this case, the upper M value

where the existence of positive potential solitons terminates

satisfies VðW ¼ Wmax=coldÞ ¼ 0.

Focusing now on the negative potential soliton struc-

tures, these will get stronger (the amplitude becomes increas-

ingly negative) with increasing values of the Mach number

but their existence terminates once the upper limit on M is

reached which coincides with the minimum permitted value

of the potential, viz., Wmin=cold ¼ �M2=2 corresponding to

infinite compression in the number density of the negative

dust (17). This upper limit on the Mach number which

restricts the occurrence of negative potential solitons satisfies

VðW ¼ Wmin=coldÞ ¼ 0.

Besides the upper Mach number limitations which arise

because the number densities of the inertial species have to

remain real valued, there is another possibility that the upper

M limit for negative (positive) potential solitons arises when

a negative (positive) potential double layer occurs. The exis-

tence of a negative (positive) potential double layer requires

that a negative (positive) root of VðWÞ must coincide with

the presence of a local maximum (d2VðWÞ=dW2 < 0) at the

position of the negative (positive) root.

There are also sometimes more complicated situations

where solitary waves occur beyond the Mach number value

for which a double layer is supported. This could signal the

start of the Mach number range supporting supersolitons13,14

for which the existence of a double layer can provide a lower

M bound. The other possibility for the existence of supersoli-

tons is that the occurrence of three local extrema between

the undisturbed conditions and the soliton amplitude in the

Sagdeev potential signals the start of the range of Mach num-

bers supporting supersolitons. The existence of these super-

solitons could then terminate when two of the extrema

coalesce,13 in which case the occurrence of regular solitons

is supported, which ultimately terminates when the appropri-

ate number density limit sets in. Alternatively, supersolitons

can survive up to the M value where the number density limit

sets in as is clearly demonstrated in our Figure 5 shown later.

IV. RESULTS AND DISCUSSION

We initially investigate the admissible dust-acoustic soli-

ton Mach number ranges as a function of dð¼ Zdpmdn=ZdnmdpÞ
which is the ratio of the charge-to-mass ratios of the positive

to the negative dust. The solid curve (–) in Figure 1 which

was generated using the expression (26) represents the lower

limit on the Mach number, viz., McritðdÞ, which must be

exceeded for solitons to occur. The existence of negative

potential solitons (NPSs) starts at the value of M which lies

just above the lower limiting curve denoted by (–). These

become stronger (the potential becomes increasingly nega-

tive) with increasing values of the Mach number. This does

not occur indefinitely, but the existence of NPSs terminates

once the upper limit on M is encountered which coincides

with a point on (� � �) in Figure 1. The upper M limit for NPSs

coincides with the limiting value of the negative potential,

viz., Wmin=cold ¼ �M2=2 such that Eq. (17) is no longer real

valued for W < Wmin=cold. The values for the upper M limits

on (� � �) were obtained numerically by solving

VðWmin=coldÞ ¼ 0. The existence of dust-acoustic solitons hav-

ing positive potentials (PPSs) only starts at the value

d ¼ 1:67. These (PPSs) also become stronger with increasing

M, but they will cease to exist once the value for M which

lies on (- -) is reached. The upper limiting value of the Mach

number, where the existence of PPSs terminates coincides

with the limiting value of the potential (positive), viz.,

FIG. 1. The existence regimes of solitary waves as a function of d where

the curves correspond to the critical Mach number (–), negative dust com-

pression limit (� � �), and the upper Mach number limit for PPSs, beyond

which the adiabatic positive dust number density (18) becomes complex

valued (- -). The “þ” indicates regions where only PPSs occur, “-þ” indi-

cates regions where both NPSs and PPSs coexist, and “-” denotes regions

where only NPSs occur. The fixed parameters are rdp ¼ 0:01; a ¼ 0:1;
r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2, and ldp ¼ 1þ le � li ¼ 0:05.

083705-5 Maharaj et al. Phys. Plasmas 20, 083705 (2013)

 This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

14.139.123.135 On: Thu, 14 Nov 2013 05:55:59



Wmax=adiabatic ¼
ðM2þ3drdpÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12drdpM2
p

2d such that Eq. (18)

becomes complex valued when W > Wmax=adiabatic. The upper

Mach number limiting curve for PPSs which is shown as (- -)

in Figure 1 was generated by numerically solving

VðWmax=adiabaticÞ ¼ 0 as a function of d. Having identified the

minimum and maximum values of the Mach number for

which NPSs and PPSs are supported, three different existence

regions for large amplitude dust-acoustic solitons are

depicted in Figure 1, viz., the region marked (-) denotes

where only NPSs occur, the region marked (þ) denotes

where the existence of only PPSs is supported, whereas both

NPSs and PPSs coexist (are simultaneously supported) in the

overlap region marked (-þ) which is common to both the

regions marked (-) and (þ). It is seen in Figure 1 that the ex-

istence of NPSs is supported for small d values but terminates

at d ¼ 18:23. The existence of PPSs only starts at d ¼ 1:67

and coexistence of NPSs and PPSs occurs for

1:67 � d � 18:23.

Choosing the value d ¼ 10 which coincides with the

region in parameter space where NPSs and PPSs were seen

to coexist marked (-þ) in Figure 1, we now focus on the

effect of positive dust temperature on the existence of dust-

acoustic solitons. The lower limiting values of the Mach

number which have to be exceeded for DA solitons to occur

coincide with points on the curve denoted by (–) in Figure 2.

The upper M limits for NPSs coincide with M values which

lie on (� � �) in Figure 2 whereas the existence of PPSs termi-

nates at the M values which lie on the curve denoted by (- -)

in Figure 2. It is seen in Figure 2 that the admissible DA soli-

ton Mach number ranges supporting the existence of PPSs is

widest when the positive dust is cold (rdp ¼ 0), but the per-

mitted M ranges are seen to narrow quite considerably when

the pressure of the positive dust species is retained

(rdp > 0). Whilst both NPSs and PPSs are seen to be sup-

ported for small values of the positive dust pressure or when

the positive dust is cold (rdp ¼ 0), only PPSs are seen to be

supported for rdp > 0:0443. This shows the importance of

including dust pressure in the theoretical model of the DA

solitons. This does not justify the claim that dust pressure

can be neglected.15

Next, we investigate the DA soliton existence regions as

a function of the ion non-thermal parameter (a) for three dif-

ferent fixed values for d, viz., where the charge-to-mass ratio

of the positive dust is less than (d ¼ 0:1), comparable to

(d ¼ 1) and greater than (d ¼ 10) the charge-to-mass ratio of

the negative dust. In presenting our results, we terminate the

existence regions in Figures 3, 4, and 7 at the value a ¼ 0:45

for the ion non-thermal parameter corresponding to

b � 0:77, which may still be considered to be quite high.11

Figure 3(a) depicts the Mach number ranges supporting DA

solitons for d ¼ 0:1 for a finite value of the temperature of

the positive dust (rdp ¼ 0:01). The critical values of M lie on

lower limiting curve (–) in Figure 3(a). Upper limiting values

of M for NPSs coincide with points which lie on (� � �). The

upper M limits for NPSs occur because the number density

of the negative dust (17) becomes complex valued for

W < Wmin=cold. The upper M limits for PPSs which lie on the

curve (- -) are not M values, beyond which the positive dust

number density (18) ceases to be real valued, but these are

values for M for which positive potential double layers

occur. NPSs are seen to be supported for 0 � a � 0:4314,

FIG. 2. The existence regimes of solitary waves as a function of the positive

dust temperature rdp. The curves correspond to the critical Mach number

(–), negative dust compression limit (� � �), and the upper Mach number limit

for PPSs (- -). The “þ” indicates regions where only PPSs occur, “-þ” indi-

cates regions where both NPSs and PPSs coexist, and “-” denotes regions

where only NPSs occur. The fixed parameters are d ¼ 10; a ¼ 0:1;
r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2, and ldp ¼ 1þ le � li ¼ 0:05.

FIG. 3. (a) The existence regimes of solitary waves as a function of the ion

non-thermal parameter a. The curves correspond to the critical Mach num-

ber (–), negative dust compression limit (� � �), and the upper Mach number

limit for PPSs which yields double layers (- -). (b) Variation of limiting val-

ues of the negative potential (� � �) and maximal positive potential double

layer amplitudes (- -) with the ion non-thermal parameter a. The fixed pa-

rameters are d ¼ 0:1; rdp ¼ 0:01; r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2,

and ldp ¼ 1þ le � li ¼ 0:05.
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which not only includes finite values of a for which the ions

are non-thermal but also includes the value (a ¼ 0) corre-

sponding to Boltzmann distributed ions. On the other hand,

non-thermal effects of the ions is found to be crucial for the

existence of PPSs since these only occur for finite values for

a, viz., a > 0:263042, as seen in Figure 3(a). Although both

polarities of solitons are possible in the coexistence region

marked (-þ) for 0:263042 � a � 0:4314, only PPSs occur

for a > 0:4314 in the region marked (þ) in Figure 3(a) when

the deviation of the ions from a thermal Maxwellian distribu-

tion is large. In Figure 3(b) limiting values of the negative

potentials (� � �), viz., Wmin=cold ¼ �M2=2, and maximal posi-

tive potential double layer amplitudes (- -) are shown which

correspond to the respective upper M limits for NPSs and

PPSs in Figure 3(a).

Moving now to the higher value d ¼ 1, the admissible

soliton Mach number ranges in Figure 4(a) look quite similar

to those shown in Figure 3(a); however, there is a difference.

Two different regions in parameter space which support

PPSs have been identified in Figure 4(a), and the reasons for

the upper Mach number limitations are different for these

two regions. Non-thermal effects of the ions again is crucial

for the existence of PPSs for this particular value of d, viz.,

d ¼ 1. The existence of PPSs which starts at a ¼ 0:1972 and

ends at a ¼ 0:38285, denoted by (- -) in Figure 4(a), are lim-

ited by the adiabatic positive dust number density (18)

becoming complex valued. The second region in parameter

space corresponding to a > 0:38285 in Figure 4(a) also sup-

ports the existence of PPSs, but these are now limited by the

occurrence of positive potential double layers for M values

which lie on the upper limiting curve (� � �). Limiting val-

ues of the negative potential (� � �), the positive potential (- -),

and the maximal positive potential double layer amplitudes

(� � �) are shown in Figure 4(b).

It is important to mention that although double layer M
values (� � �) are shown as upper M limits in Figure 4(a) for

values of the ion non-thermal parameter spanning

FIG. 5. The Sagdeev potential as a function of W. The curves correspond

to M ¼ 1:5016958 ð� � �Þ; M ¼ 1:63 ð� � �Þ; M ¼ 1:66821887452588 (- -),

M ¼ 1:669 ð� � � � �Þ; M ¼ 1:6699324685(–), and M ¼ 1:671 ð��Þ. The

fixed parameters are d ¼ Zdpmdn=Zdnmdp ¼ 1; a ¼ 0:3865; r ¼ Ti=Te

¼ 0:5; le ¼ 0:25; li ¼ 1:2; ldp ¼ 1þ le � li ¼ 0:05, and rdp ¼ 0:01.

FIG. 6. (a) Potential and (b) electric field profiles as a function of n.

The curves correspond to M ¼ 1:63 (–), M ¼ 1:66821887452588 ð� � �Þ, and

M ¼ 1:669 (- -). The fixed parameters are d ¼ Zdpmdn=Zdnmdp ¼ 1; a
¼0:3865; r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2; ldp ¼ 1þ le � li ¼ 0:05,

and rdp ¼ 0:01.

FIG. 4. (a) The existence regimes of solitary waves as a function of the ion

non-thermal parameter a. The curves correspond to the critical Mach num-

ber (–), negative dust compression limit (� � �), and upper Mach number

limit for PPSs, beyond which the adiabatic positive dust number density

(18) becomes complex valued (- -) and positive double layers occur

(� � �). (b) Variation of the limiting values of the negative (� � �) and posi-

tive (- -) potential and maximal positive potential double layer amplitudes

(� � �) with the ion non-thermal parameter a. The fixed parameters

are d ¼ 1; rdp ¼ 0:01; r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2, and ldp ¼ 1

þle � li ¼ 0:05.
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0:38286 � a � 0:3907, positive potential solitons are still

found to occur beyond the M values shown for double layers.

These are precisely the supersolitons.13,14 This point is clearly

illustrated in Figure 5 which depicts Sagdeev potentials for

different values of the Mach number. For the fixed

value a ¼ 0:3865, we observe that a soliton occurs for

M ¼ 1:63 ð� � �Þ which exceeds the critical value

M ¼ 1:5016958 ð� � �Þ. A double layer is seen to occur for a

higher value of M ¼ 1:66821887452588 (- -), but the exis-

tence of PPSs does not terminate here because a supersoliton

is still seen to occur for a higher Mach number than the dou-

ble layer, viz., M ¼ 1:669 ð� � � � �Þ. The shape of the

Sagdeev potential for M ¼ 1:669 ð� � � � �Þ is precisely the

same as for a supersoliton13,14 which has three local extrema

labelled A, B, and C between W ¼ 0 and the amplitude WM of

the nonlinear structure. In comparison, the Sagdeev potential

for an ordinary soliton for M ¼ 1:63 ð� � �Þ has only one local

extremum between W ¼ 0 and WM. We observe that the dou-

ble layer M ¼ 1:66821887452588 value provides a lower M
limit on the range of Mach number values supporting superso-

litons in Figure 5. We consider now what limits the existence

of the positive potential structures in Figure 5 from the high

Mach number side. One of the possibilities for the existence

of an upper M limit where the existence of the positive poten-

tial supersolitons shown in Figure 5 ceases is when A and B

coalesce.13 We can infer from Figure 5 that the local extrema

such as those labelled A, B, and C in the Sagdeev potential

corresponding to M ¼ 1:669 (for higher M values labelling is

not shown) will remain distinct in the structures starting from

M ¼ 1:66821887452588 up to the upper M limit. The extrema

labelled B and C will not coalesce because of the presence of

the positive double layer, neither do A and B coalesce, viz.,

supersolitons are seen to occur in Figure 5 for Mach number

values which exceed that for the double layer and go right up

to the upper M ¼ 1:6699324685 limit which is imposed by

the constraint that the number density of the adiabatic positive

dust (18) must remain real valued. The upper M limits beyond

which the adiabatic dust number density (18) is no longer real

valued are not shown for a values in the range 0:38286 � a
� 0:3907 in Figure 4(a) since these are so close in magnitude

to the double layer M values (� � �) indicated in the figure to

the extent that these are not distinguishable from the double

layer Mach number values.

To illustrate the difference between an ordinary soliton and a

supersoliton more clearly, we show the potential (Figure 6(a)) and

electric field profiles (Figure 6(b)) for a soliton (M ¼ 1:63; �
solid curve), a double layer (M ¼ 1:66821887452588, ……

curve), and a supersoliton (M ¼ 1:669; ��� curve). It is clear

that the profiles for the supersolitons are distorted because of the

presence of subsidiary extrema as compared to the ordinary soli-

tons or double layer. Also, the observation in Figure 6(b) that the

first peak is higher than the second peak in the electric field (E)

signature for the supersoliton (- -) because the local minimum

labelled A is deeper than that labelled C for the supersoliton

(� � � � �) shown for M ¼ 1:669 in Figure 5 is consistent with

what is mentioned in Ref. 14. Had the local minimum C been

deeper than A in the Sagdeev potential for the supersoliton

(� � � � �) in Figure 5, then the second peak in the corresponding

electric field profile (E) would have been higher than the first

peak. For higher values of the ion non-thermal parameter which

exceed a ¼ 0:3907, only solitons are found which do not occur

beyond the M values (� ��) shown for double layers in

Figure 4(a).

The DA soliton existence domains for d ¼ 10 are

depicted in Figure 7. Contrary to our findings for d ¼ 0:1
(Figure 3(a)) and d ¼ 1 (Figure 4(a)) we observe in Figure 7

(d ¼ 10) that PPSs are not only supported for finite values of

a when non-thermal effects of the ions are included, but

PPSs also occur when the ions in the model are Boltzmann

distributed (a ¼ 0). The upper M limits (- -) for PPSs in

Figure 7 are imposed by the adiabatic positive dust number

density (18) becoming complex valued. Although non-

thermal effects of the ions are crucial for the existence of

PPSs such as for d ¼ 0:1 (Figure 3(a)) and d ¼ 1 (Figure

4(a)) but not found to be essential for existence of PPSs such

as for d ¼ 10 (Figure 7). The Mach number ranges for PPSs

are sensitive to the deviation of the ions from a thermal

Maxwellian distribution and are seen to widen quite signifi-

cantly for increasing values of a.

V. CONCLUSIONS

We have investigated the existence of large amplitude

dust-acoustic solitons and supersolitons for the model com-

posed of Boltzmann electrons, cold negative dust, adiabatic

positive dust, and non-thermal ions. We encountered a

region in parameter space where positive potential dust-

acoustic supersolitons are supported for ion non-thermal pa-

rameter values lying in the range 0:38286 � a � 0:3907 for

the fixed d ¼ 1 value. The occurrence of double layers in

this region of parameter space signalled the start of the range

of Mach numbers for which supersolitons are supported, but

FIG. 7. The existence regimes of solitary waves as a function of the ion non-

thermal parameter a. The curves correspond to the critical Mach number (–),

negative dust compression limit (� � �), and upper Mach number limit for

PPSs, beyond which the adiabatic positive dust number density (18)

becomes complex valued (- -). The fixed parameters are d ¼ 10; rdp ¼ 0:01;
r ¼ Ti=Te ¼ 0:5; le ¼ 0:25; li ¼ 1:2, and ldp ¼ 1þ le � li ¼ 0:05.
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the existence of these, ultimately, terminated when the adia-

batic dust number density limit set in. It is shown that the

electric field signatures of supersolitons differ from those of

regular solitons in that they appear distorted because of the

presence of subsidiary extrema in the wings of the bipolar

electric field structures. This will have implications for satel-

lite observations of nonlinear wave structures in space plas-

mas since it will be easy to distinguish between a

supersoliton and a regular soliton from the measured electric

field signatures of the nonlinear structures. Beyond

a ¼ 0:3907, solitons were not found beyond the M values

imposed by the occurrence of positive potential double

layers.

The existence regions for PPSs were found to be very

sensitive to the magnitude of the ratio of the charge-to-mass

ratios of the positive to negative dust, d. Only NPSs were

found for small d values which are less than d ¼ 1:67, and

these are limited by infinite compression in the number den-

sity of the negative dust. The existence of positive potential

solitons only starts at the value d ¼ 1:67, and these terminate

at the upper limiting values of M which are imposed by the

constraint that the adiabatic positive dust number density has

to remain real valued. The coexistence of NPSs and PPSs

was found to be supported for a values in the range

1:67 � d � 18:23, but beyond this range only PPSs occur.

Non-thermal effects of the ions was found to be crucial

for the existence of PPSs for d ¼ 0:1 and d ¼ 1 as can be

inferred from plots which show the DA soliton existence

regions as a function of a. For d ¼ 0:1 the upper M limits for

PPSs coincide with the occurrence of positive potential dou-

ble layers. Although the PPSs existence regions for d ¼ 1

look quite similar to those found for d ¼ 0:1, there is a range

of a values where the adiabatic dust density limit restricts

PPSs, but this is then followed by the region in parameter

space where positive potential double layers limit the occur-

rence of PPSs.

For higher values of d, say, d ¼ 10, the existence of

PPSs is supported by both a non-thermal ion velocity distri-

bution (a > 0) as well as a Boltzmann distribution for the

ions (a ¼ 0). The range of Mach numbers supporting PPSs is

widest when the positive dust is assumed to be cold

(rdp ¼ 0) but is found to narrow considerably when positive

dust pressure is included. The upper M limit for PPSs

when the positive dust is cold (warm) corresponding to

rdp ¼ 0 ðrdp > 0Þ coincides with the limiting value of the

potential beyond which the number density of the cold (adia-

batic) positive dust is no longer real valued. The coexistence

of NPSs and PPSs is supported if the positive dust is cold

(rdp ¼ 0) or for small values of the positive dust tempera-

ture, because only PPSs are possible if rdp > 0:0443.

In general, for all three values for d which we consid-

ered in this study, viz., d ¼ 0:1; 1, and 10, the Mach number

ranges supporting PPSs are seen to widen for increasing

deviations of the ions from a thermal Maxwellian velocity

distribution (increasing a).
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