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Abstract. We examine the computation of wide-angle corrections to the galaxy power spec-
trum including redshift-space distortions and relativistic Doppler corrections, and also includ-
ing multiple tracers with differing clustering, magnification and evolution biases. We show
that the inclusion of the relativistic Doppler contribution, as well as radial derivative terms,
are crucial for a consistent wide-angle expansion for large-scale surveys, both in the single
and multi-tracer cases. We also give for the first time the wide-angle cross-power spectrum
associated with the Doppler magnification-galaxy cross correlation, which has been shown
to be a new way to test general relativity. In the full-sky power spectrum, the wide-angle
expansion allows integrals over products of spherical Bessel functions to be computed analyt-
ically as distributional functions, which are then relatively simple to integrate over. We give
for the first time a complete discussion and new derivation of the finite part of the divergent
integrals of the form

∫∞
0 drrnj`(kr)j`′(qr), which are necessary to compute the wide-angle

corrections when a general window function is included. This facilitates a novel method for
integrating a general analytic function against a pair of spherical Bessel functions.

Keywords: power spectrum, redshift surveys

ArXiv ePrint: 2208.04819

c© 2023 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2023/04/067

mailto:p.paul@qmul.ac.uk
mailto:chris.clarkson@qmul.ac.uk
mailto:roy.maartens@gmail.com
https://arxiv.org/abs/2208.04819
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2023/04/067


J
C
A
P
0
4
(
2
0
2
3
)
0
6
7

Contents

1 Introduction 1
1.1 Doppler contribution to the number counts 2
1.2 Wide-angle multipole expansion — overview 4

2 Evaluating the 2PCF and power spectrum 7
2.1 Window function 10
2.2 Computation of Ξ(p,n)

``′ and Ξ̃(p,n)
``′ 11

2.2.1 Hierarchy of terms 11
2.2.2 Contributions to galaxy-galaxy multipoles 12
2.2.3 Contributions to galaxy-magnification multipoles 15

3 Moments of the power spectrum 17
3.1 Evaluating the integrals Ip``′(k, q) 17
3.2 Integration of the power spectrum 20

3.2.1 Multipoles of the power spectra 22

4 Conclusions 23

A The coefficients cn` 24

B Wide-angle expansion coefficients 26
B.1 Coefficients Ξ(p,n)

``′ in the galaxy-galaxy wide angle expansion for all t 26
B.2 Coefficients Ξ̃(p,n)

``′ for the galaxy-magnification wide angle expansion 29

C Analysis of the integrals Ip
``′(k, q) 31

C.1 New derivation of I0
``′(k, q) 31

C.2 Integrating the distributions — dealing with the singularities 33
C.3 A general formula for

∫∞
0 dr f(r)j`(kr) j`′(qr) 35

D Integral formulas for p ≥ 0 36

1 Introduction

The two-point correlation function (2PCF) in observed (redshift) space is often expressed
in the plane-parallel or flat-sky approximation, in which the directions from the observer
to galaxy pairs are assumed to be nearly equal, r̂1 ≈ r̂2. Galaxy surveys with wide sky
coverage, in particular next-generation surveys, require us to move beyond the flat-sky limit
and include wide-angle correlations, with r̂1 6= r̂2. This was shown in early work by [1, 2]
(using a tripolar spherical harmonic expansion) and then further investigated in, e.g., [3–
15]. Our aim is to expand and clarify a number of these results to the multi-tracer power
spectrum, including relativistic corrections. We give for the first time the power spectrum
and wide angle corrections to the cross-correlation between the galaxy number counts and
the Doppler magnification induced by peculiar velocities. We also include contributions from
the derivatives of the growth rate and clustering biases, which are neglected in other studies
yet, as we show, are needed for a consistent analysis on large scales.
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1.1 Doppler contribution to the number counts

The galaxy number density contrast at the source is δg = (ng − n̄g)/n̄g = b δm, where b
is the clustering bias and δm is the matter density contrast. For brevity, we write δg ≡ δ
and omit the z-dependence in our expressions. At first (linear) order in perturbations, the
number density contrast at the source is related to the contrast δs that is observed in redshift
space by

δs(ri) = δ(ri)−
1
Hi

∂

∂ri

(
vi · r̂i

)
− αi
Hi
(
vi · r̂i

)
, (1.1)

where we use Newtonian gauge. Here vi = v(ri) is the peculiar velocity, ri = r(zi)r̂i, where
r is the comoving line-of-sight distance, and Hi = H(zi) is the conformal Hubble rate. The
second term on the right of (1.1) is the standard Kaiser redshift-space distortion (RSD),
while the third term is a Doppler redshift effect. This Doppler term is suppressed relative to
the Kaiser RSD term by a factor H/k in Fourier space. It is therefore typically neglected in
most work on galaxy clustering in redshift space.

The Doppler coefficient in (1.1) is given on a spatially flat background by (e.g. [6, 16];
see [17] for the generalisation to spatially curved backgrounds):

αi = 2
ri
−Hi be i −

dHi
d ln(1 + zi)

+ 2HiQi
(

1− 1
riHi

)
. (1.2)

In the original RSD paper [18], the Doppler coefficient (1.2) includes only the first 2 terms on
the right. This is followed in the pioneer wide-angle papers [1, 2] and many subsequent papers.
However, the second 2 terms on the right of (1.2) are required for a correct analysis [6, 16].
In (1.2), the ‘evolution bias’ be = −∂ ln n̄g/∂ ln(1 + z) measures the deviation of the average
comoving number density from constancy (due e.g. to galaxy mergers) [19]. The third term on
the right takes account of cosmic evolution. The last term on the right arises from the Doppler
correction to lensing convergence [20, 21] in a flux-limited survey, where Q = −∂ ln n̄g/∂ lnLc
is the magnification bias and Lc is the luminosity cut [19]. (In the ideal case of no flux limit,
Q = 0, and for line intensity mapping, Q = 1.)

In (1.1) we have omitted two contributions to the number density contrast:

(1) the contribution from the standard lensing magnification term 2(Q− 1)κ, where κ is a
weighted integral of δm along the line of sight;

(2) additional relativistic potential terms, including Sachs-Wolfe, integrated Sachs-Wolfe
and time delay effects, which collectively scale as the gravitational potential Φ.

The standard lensing magnification contribution (1) is typically only important at
higher redshift — and it requires significant additional complexity to incorporate it into
the Fourier power spectrum. The additional relativistic terms in (2) are suppressed relative
to the Doppler term in (1.1), since the Poisson equation shows that Φ ∼ (H2/k2)δm. (See
e.g. [6, 10, 16] for details of all these terms.)

There is a subtle point about the Doppler contribution relative to the potential contri-
bution. In δs, the Doppler term is clearly less suppressed than the potential contribution.
However, this does not translate directly to the 2PCF in the case of a single tracer with
correlations at equal redshifts. In this case, i.e. auto-correlations at equal z, the Doppler
contribution is a square of the Doppler term, i.e., scaling as (H2/k2)Pm, like the leading
potential contribution. Strictly, this means that it is inconsistent to neglect the potential
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Figure 1. Geometry of the galaxy pair and observer.

contributions while including the Doppler term, when considering auto-correlations at equal
redshifts. Including the potential terms is simple in principle, but we omit them in order to
avoid additional complexity in the equations. Effectively, this means that we adopt a ‘weak
field’ approximation [22].

When considering correlations of two tracers (see e.g. [13, 22–31]), the leading Doppler
contribution to the 2PCF scales instead as (H/k)Pm — and in this case it is consistent to
neglect the potential contributions. Note that it is also consistent in the case of single-tracer
correlations at unequal redshifts.

Furthermore, we highlight the fact that the leading wide-angle contribution to δs scales
as r/d ∼ d−1/k, where r is the comoving separation of the galaxy pair and d is the line-of-sight
comoving distance to the galaxy pair (see figure 1 and subsection 1.2). As a consequence,
the leading wide-angle and leading Doppler contributions are of the same order — so that
a consistent treatment requires the inclusion of both (e.g. [14, 15]). In addition to this, for
a consistent treatment we need to include radial derivatives of the growth rate, the biases,
and other variables which appear. In an expansion in r/d, derivative terms appear at order
∼ rH when approaching z ∼ 1 — i.e., distances of the Hubble scale to the galaxy pair —
and so are also needed for a consistent treatment. In both cases these have been neglected
in previous analyses.

We define the transforms [1, 2, 6]

An` (r) =
∫ d3k

(2π)3 (ik)−nL`(k̂ · r̂) eik·r δm(k), (1.3)

where L` is a Legendre polynomial, and then we can express (1.1) as

δs(ri)
bi

=
(

1 + βi
3

)
A0

0(ri) + 2
3βiA

0
2(ri) + βi αiA

1
1(ri) where βi ≡

fi
bi
. (1.4)
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It follows that the 2PCF in redshift space, ξg(r1, r2) = 〈δs(r1) δs(r2)〉, is given by

ξg(r1, r2)
b1b2

=
(

1 + β1
3

)(
1 + β2

3

)
S0

00(r1, r2) + 4
9β1β2 S

0
22(r1, r2) + 2β2

3

(
1 + β1

3

)
S0

02(r1, r2)

+ 2β1
3

(
1 + β2

3

)
S0

20(r1, r2) +
(

1 + β1
3

)
β2α2S

1
01(r1, r2) +

(
1 + β2

3

)
β1α1S

1
10(r1, r2)

+ 2
3β1β2

[
α1S

1
12(r1, r2) + α2S

1
21(r1, r2)

]
+ β1β2 α1α2S

2
11(r1, r2), (1.5)

where

Sn1+n2
`1`2

(r1, r2) ≡ (−1)`2
∫ d3k

(2π)3 (ik)−(n1+n2) L`1(k̂ · r̂1)L`2(k̂ · r̂2) eik·(r1−r2) Pm(k). (1.6)

Thus in general the 2PCF is a function of r1 and r2, or equivalently of

r = r1 − r2 and d = (1− t)r1 + tr2 (0 ≤ t ≤ 1), (1.7)

where t determines the choice of d — see figure 1.
We can also define the wide-angle 2-point cross-correlation of galaxy number density

contrast and Doppler magnification ξκ(r1, r2) =
〈
δs(r1)κv(r2)

〉
, where the magnification

induced by peculiar velocities is given by [25]:

κv = − α̃
H

v · n where α̃ = 1
r
−H . (1.8)

Then the equivalent of (1.5) becomes

ξκ(r1, r2)
b1f2α̃2

=
(

1 + β1
3

)
S1

01(r1, r2) + 2
3β1 S

1
21(r1, r2) + β1α1 S

2
11(r1, r2) . (1.9)

As shown in [32], this 2-point correlation function has a significant dipole which can be used
as a test of general relativity [33, 34]. The power spectrum of this 2PCF has not been given
before.

1.2 Wide-angle multipole expansion — overview

Here we give a brief summary of the calculation of the wide-angle expansion. In general the
multipole decomposition of ξg(d, r) and ξκ(d, r) or their equivalent power spectra Pg(d,k)
and Pκ(d,k) (defined below) are analytically intractable. We aim to produce a series ex-
pansion first in the 2PCF about the plane-parallel limit (r � d), and then for each term
in that series expansion, we perform a multipole decomposition with respect to the angle
between r and d, with cosine µ = d̂ · r̂. Once translated to the power spectrum this be-
comes an expansion about k−1 � d with coefficients expanded in Legendre multipoles in
µk = d̂ · k̂. Clearly a sensible expansion variable in the 2PCF is x = r/d, but we need to be
careful. The plane-parallel limit is not simply the limit as r → 0 with d fixed: in this limit,
ξpp(r) ∼

∫
dkj(kr)Pm(k), and therefore ξpp is a function of r. Nor is it the limit d→∞ with

r fixed — since the coefficients α and β are functions of the two redshift shells r1, r2 we are
looking at [see (2.33) below]. The plane-parallel limit is thus a mixture of both r → 0 and
d→∞.

– 4 –
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On inspection each term in (1.5) contains parts which depend on |r1|, |r2| — i.e., the
α and β coefficients only depend on the distance to each source, and parts which depend
on r̂1, r̂2, r̂ and |r| but not on |r1|, |r2| — i.e., the terms which are integrals over the power
spectrum, Sn`1,`2 , depend on the geometry of the triangle and the distance between the sources.
These different contributions require slightly different series expansions around the plane-
parallel limit:

• In Sn`1,`2 , we may expand in a series in x = r/d around x = 0 with r fixed, because
the direction vectors r̂1, r̂2, r̂ only depend on the ratio x, not on r and d separately.
In addition, |r| in the exponential does not depend on µ: hence it does not affect
the multipoles and does not need expanding (the µ dependence factors into Legendre
polynomials on using a plane wave expansion below).

• Functions of |r1|, |r2| which appear can sensibly be expanded in a series in x, but now
with d fixed, so that the series coefficients come out in terms of α(d) and β(d) and
their derivatives dα(d)/d ln d, dβ(d)/d ln d evaluated at r = 0. We start with a general
r1 6= r2 and then expand functions of these quantities around a median distance given
by the shell d [see, e.g., (2.39)].

Putting this all together gives a multipole series of the form,

ξg(d, r) =
∑
`,p

Ξ(p)
` (r, d)

(
r

d

)p
L`(µ) where µ = d̂ · r̂ = cos γ , (1.10)

and the `-pole is given by ∑
p

Ξ(p)
` (r, d)

(
r

d

)p
. (1.11)

We will denote analogous coefficients of the galaxy-magnification 2PCF with a tilde. The
plane-parallel approximation p = 0 leads to the well-known coefficients for the galaxy-galaxy
power spectrum for two tracers. The leading terms at order (H/k)0 are the set of even
multipoles given first in [1, 2],

Ξ(0)
0 = 1

15b1b2
(

15 + 5β1 + 5β2 + 3β1β2

)
ξ

(0)
0 , (1.12)

Ξ(0)
2 = − 2

21b1b2
(

7β1 + 7β2 + 6β1β2

)
ξ

(0)
2 , (1.13)

Ξ(0)
4 = 8

35b1b2 β1β2 ξ
(0)
4 . (1.14)

At order (H/k)1 we have the sub-leading odd multipoles arising from the Doppler contribution
given here for the first time,

Ξ(0)
1 = 1

5b1b2
[
5β1α1 − 5β2α2 + 3β1β2

(
α1 − α2

)]
ξ

(1)
1 , (1.15)

Ξ(0)
3 = 2

5b1b2 β1β2
(
α2 − α1

)
ξ

(1)
3 . (1.16)

Note these vanish in the case of a single tracer. The coefficients Ξ(p)
` of the series in (1.11)

depend on d via the coefficients α, β and on the separation r via a sum over weighted integrals

– 5 –
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of the power spectrum:

ξ
(n)
`′ (r) ≡

∫ dk
2π2 k

2−nj`′(kr)Pm(k). (1.17)

Note that these terms are of order (1/k)n.
In the case of the galaxy-magnification power spectrum the plane-parallel limit has a

dipole and an octupole at order n = 1, corresponding to terms ∼ (H/k)1:

Ξ̃(0)
1 = −1

5b1fα̃2
(
5 + 3β1

)
ξ

(1)
1 , (1.18)

Ξ̃(0)
3 = 2

5b1fβ1α̃2 ξ
(1)
3 . (1.19)

At order (H/k)2 (n = 2), we have the sub-leading corrections to the monopole and quadrupole:

Ξ̃(0)
0 = −1

3b1fβ1α1α̃2ξ
(2)
0

Ξ̃(0)
2 = 2

3b1fβ1α1α̃2ξ
(2)
2

(1.20)

We will derive the other coefficients below. Only in the plane-parallel approximation is the
`-pole dependent solely on ξ

(n)
` (r) — in general, differing `′-poles, ξ(n)

`′ 6=`(r), come into play,
and (1.11) leads to:

Ξ(p)
` (r, d) =

∑
`′,n

Ξ(p,n)
``′ (d)ξ(n)

`′ (r) . (1.21)

Here Ξ(p,n)
``′ (d) are functions of α(d), β(d) and their derivatives.

Once we have the 2PCF in the form (1.10), we define the wide-angle power spectrum
at a displacement d from the observer by Fourier transforming the redshift-space 2PCF over
r (see figure 1):1

Pg(d,k) =
∫

d3r e−i k·r ξg(d, r) . (1.22)

The power spectrum can be expanded in multipoles defined by the angle between the wavevec-
tor k and the line of sight d, as

Pg(d,k) =
∑
`

P`(k, d)L`(µk) where µk = d̂ · k̂ . (1.23)

Then, using the plane-wave expansion

e−i k·r =
∞∑
`=0

i−`(2`+ 1)j`(kr)L`(k̂ · r̂) , (1.24)

we find that
P`(k, d) = 4π i−`

∑
p

∫
dr r2 Ξ(p)

` (r, d) j`(kr)
(
r

d

)p
. (1.25)

1Note that this is treated as a formal Fourier transform over r ∈ [0,∞), not as a discrete Fourier series
over a finite r. A window function can be added to account for such effects.
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An important difference in the multipoles in redshift space versus Fourier space is that
in redshift space the multipoles are in µ with r fixed, while in Fourier space the multipoles
are in µk with k fixed. On using (1.17) and (1.21), we find that the multipoles become

P`(k, d) = 2
π

i−`
∑
`′,n,p

d−p Ξ(p,n)
``′ (d)

∫
dq q2−n Pm(q) Ip``′(k, q) , (1.26)

where
Ip``′(k, q) =

∫ ∞
0

dr r2+p j`(kr) j`′(qr) . (1.27)

These integrals, although divergent, can be evaluated as distributions — delta functions, and
more complicated singular points — which then simply feed into the integral over the power
spectrum in (1.26). We can rewrite (1.26) as a series in k−1/d = (kd)−1 (which is a Fourier
counterpart to r/d):

P`(k, d) =
∑
p

P(p)
` (k, d) (kd)−p , (1.28)

with

P(p)
` (k, d) = 2

π
i−`
∑
`′,n

Ξ(p,n)
``′ (d)P pn``′ (k) , (1.29)

where
P pn``′ (k) = kp

∫ ∞
0

dq q2−n Pm(q) Ip``′(k, q) . (1.30)

2 Evaluating the 2PCF and power spectrum

In order to evaluate the 2PCF, we first evaluate Sn1+n2
`1`2

(r1, r2) in (1.6) finding,

Sn`1`2 =
∑
L

(−1)`2iL−n(2L+ 1)
[

(4π)3(2L+ 1)
(2`1 + 1)(2`2 + 1)

]1/2(
`1 `2 L
0 0 0

)
ξ

(n)
L (r)

∑
m1,m2,M

(
`1 `2 L
m1 m2 M

)
Y`1m1 (r̂1)Y`2m2 (r̂2)YLM (r̂) (2.1)

Here ξ(n)
L are given by (1.17). In order to explicitly evaluate the 2PCF (1.5) in terms of angles

at the observer, we use spherical coordinates (%, ϑ, ϕ) with d = (d, 0, 0) along the z-axis, and
the triangle in the y = 0 plane oriented such that r1 points in the negative x-direction (see
figure 1). This gives

r̂1 = (1, φ, π), r̂2 = (1, θ, 0), r̂ = (1, γ, π) . (2.2)

We also have the relations,

r1 = r
sin(γ + θ)
sin(θ + φ) = d

sin γ
sin(γ − φ) , r2 = r

sin(γ − φ)
sin(θ + φ) = d

sin γ
sin(γ + θ) . (2.3)

Using the angles θ, φ, γ (= cos−1 µ) and the separation r, the 2PCF can be expanded as

ξg(d, r) = ξg(d, θ, φ, µ, r) = b1 b2
∑
n,`′

cn`′(d, θ, φ, µ) ξ(n)
`′ (r) , (2.4)

– 7 –
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where the redshift dependence is implicit. This expansion follows [2], which corrects typos
in [1] and generalises [1] to include galaxy bias, unequal redshifts and redshift evolution.
In [2], the angular variables are θ + φ and γi = cos−1 r̂i · r̂, with a modified version of ξ(n)

` .
(A simplified and unified form of the expansions in [2] is given in [35].) The cn` and c̃n`
coefficients are discussed in appendix A. In the general case of θ 6= φ and φ 6= 0, we find for
the galaxy-galaxy correlations,

c00 = 1 + 1
3(β1 + β2) + 1

15β1β2
[
2 + cos 2(φ+ θ)

]
, (2.5)

c20 = 1
3β1β2α1α2 cos(θ + φ), (2.6)

c11 = 1
5α1

{
5β1 cos(φ− γ) + β1β2

[
2 cos(φ− γ) + cos(2θ + φ+ γ)

]}
− 1

5α2

{
5β2 cos(θ + γ) + β1β2

[
2 cos(θ + γ) + cos(2φ+ θ − γ)

]}
, (2.7)

c02 = −1
6β1[3 cos(2φ− 2γ) + 1]− 1

6β2[3 cos(2γ + 2θ) + 1]

− 1
42β1β2[4 + 9 cos(2γ + 2θ) + 9 cos(2φ− 2γ) + 2 cos(2θ + 2φ)], (2.8)

c22 = −1
6α1α2β1β2

[
cos(θ + φ) + 3 cos(φ− 2γ − θ)

]
, (2.9)

c13 = 1
20β1β2

{
− α1

[
cos(2θ + φ+ γ) + 5 cos(φ− 3γ − 2θ) + 2 cos(φ− γ)

]
+ α2

[
cos(2φ+ θ − γ) + 5 cos(2φ− 3γ − θ) + 2 cos(θ + γ)

]}
, (2.10)

c04 = 1
280β1β2

[
6 + 35 cos 2(φ− 2γ − θ) + 10 cos 2(φ− γ)

+ 10 cos 2(θ + γ) + 3 cos 2(φ+ θ)
]
. (2.11)

For the coefficients of the galaxy-magnification 2PCF (1.9), we define

ξκ(d, r) = ξκ(d, θ, φ, µ, r) = b1f2α̃2
∑
n,`′

c̃n`′(d, θ, φ, µ) ξ(n)
`′ (r). (2.12)

From this we find:

c̃20 = 1
3α1β1 cos(φ+ θ) , (2.13)

c̃11 = −1
5β1

[
2 cos(θ + γ) + cos(2φ+ θ − γ)

]
− cos(θ + γ), (2.14)

c̃22 = −1
6α1β1

[
cos(θ + φ) + 3 cos(φ− 2γ − θ)

]
, (2.15)

c̃13 = 1
20β1

[
cos(2φ+ θ − γ) + 2 cos(θ + γ) + 5 cos(2φ− θ − 3γ)

]
. (2.16)

Using these, the power spectrum may be written as

Pg(d,k) = b1 b2
∑
n=0

∑
`′=0

∫
d3r e−i k·r cn`′(d, θ, φ, µ) ξ(n)

`′ (r)

= b1 b2
∑
n,`,`′

i−`(2`+ 1)
∫

dr r2 j`(kr) ξ(n)
`′ (r)

∫
dΩr cn`′(d, θ, φ, µ)L`(k̂ · r̂) , (2.17)

with a similar formula for the galaxy-magnification power spectrum.
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At this stage we need the series expansion in r/d. Writing

b1b2cn`′(d, θ, φ, µ) =
∞∑
p=0

c
(p)
n`′(µ)

(
r

d

)p
, (2.18)

the coefficients c(p)
n`′ can be expanded in Legendre polynomials. Then comparing with (1.21),

we see that
Ξ(p,n)
``′ (d) =

∫
dµ c(p)

n`′(µ)L`(µ) . (2.19)

Therefore
b1b2 cn`′(d, θ, φ, µ) =

∑
p,`′′

Ξ(p,n)
`′′`′ (d)L`′′(µ)

(
r

d

)p
, (2.20)

which leads to

Pg(d,k) =
∑

p,n,`,`′,`′′

i−` (2`+ 1) Ξ(p,n)
`′′`′

∫
dr r2 j`(kr) ξ(n)

`′ (r)
(
r

d

)p ∫
dΩr L`′′(d̂ · r̂)L`(k̂ · r̂)

= 4π
∑

p,n,`,`′

i−` Ξ(p,n)
``′ L`(d̂ · k̂)

∫
dr r2 j`(kr) ξ(n)

`′ (r)
(
r

d

)p
. (2.21)

It follows that

P(p)
` (k, d) = 4πkp

∑
n,`′

i−`Ξ(p,n)
``′

∫
r2+pdr j`(kr) ξ(n)

`′ (r) , (2.22)

which recovers (1.29) and (1.30):

P(p)
` = 2

πi`
∑
`′,n

Ξ(p,n)
``′ (d)P pn``′ (k) , P pn``′ (k) = kp

∫ ∞
0

dq q2−n Pm(q) Ip``′(k, q) . (2.23)

In order to compute the Legendre multipoles in µk of the power spectrum,

P`(k, d) =
∞∑
p=0

P(p)
`

(kd)p , (2.24)

we need to compute:

1. the coefficients Ξ(p,n)
``′ , which are the Legendre multipoles in µ of the Taylor coefficients

of the coefficients of the 2PCF appearing in (1.29);

2. the integrals Ip``′(k, q) as distributions in k, q;

3. the power spectrum multipole ‘weights’ P pn``′ (k).

For the galaxy-magnification case, the formulas are the same but with

b1f2α̃2c̃n`′(d, θ, φ, µ) =
∞∑
p=0

c̃
(p)
n`′(µ)

(
r

d

)p
, (2.25)

and the rest of the derivation is the same but with tilde’s on relevant variables.
Before we implement this computation, we briefly discuss the effects of a window func-

tion.
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2.1 Window function

A careful inspection of the terms in the functions cn`′ indicate that the nonzero Ξ(p,n)
``′ always

have |`− `′|+p as an even number, which as we will see below implies that the distributional
integrals Ip``′(k, q) are combinations of delta functions, step functions and derivatives thereof.
This in turn implies that P pn``′ (k) can be found relatively easily. This is no longer the case
when a window function is involved, which we now illustrate (see [11–13] for more details on
window functions).

We can incorporate a window function w(ri) into the power spectrum:

P̂g(d,k) =
∫

d3r e−i k·r W (d, r) ξg(d, r) where W (d, r) = w(r1)w(r2) . (2.26)

Note that the Yamamoto estimator [36] is then

〈
P̂ sL
〉

= (2L+ 1)
∫ dΩk

4π

∫
d3r1

∫
d3r2 P̂g LL(k̂ · d̂). (2.27)

For simplicity we assume azimuthal symmetry for W and expand it as

W (d, r) =
∑
p′,L

W
(p′)
L (d)

(
r

d

)p′
LL(µ) . (2.28)

Then in (2.21) we use the identity

L`1(µ)L`2(µ) =
∑
`

(2`+ 1)
(
`1 `2 `
0 0 0

)2

L`(µ) , (2.29)

which leads to

P̂g(d,k) = 4π
∑

p,p′,n,`,`′`′′L

i−`(2`+ 1)
(
` `′′ L
0 0 0

)2

Ξ(p,n)
`′′`′ W

(p′)
L (d)L`(k̂ · d̂)

×
∫
r2dr j`(kr) ξ(n)

`′ (r)
(
r

d

)p+p′
. (2.30)

Therefore we have for the wide-angle multipoles of the windowed power spectrum:

P̂(p)
` (k, d) = 2

πi`
∑

p′,n,`′,`′′,L

(2`+ 1)
(
` `′′ L
0 0 0

)2

Ξ(p,n)
`′′`′ (d)W (p′)

L (d)Pn,p+p
′

``′ (k) . (2.31)

Note that we recover the previous results on using(
` `′′ 0
0 0 0

)
= (−1)`√

2`+ 1
δ``′′ . (2.32)

In (2.31), because there is no restriction on L, we see that there is no longer a restriction on
|`− `′|+ p being even in the resulting integrals.
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2.2 Computation of Ξ(p,n)
``′ and Ξ̃(p,n)

``′

In order to compute Ξ(p,n)
``′ and Ξ̃(p,n)

``′ we need to compute a series expansion in x = r/d of
functions of r1, r2 and θ, φ. From the geometry in figure 1 we have

r1 = d
√
t2x2 + 2µxt+ 1, r2 = d

√
(t− 1)2x2 + 2µ(t− 1)x+ 1 , x = r

d
, 0 ≤ t ≤ 1 . (2.33)

This implies

cos θ = 1− (1− t)xµ√
(1− t)2x2 + 1− 2(1− t)xµ

≈ 1− (1− t)2

3
[
1− L2(µ)

]
x2 , (2.34)

cosφ = xµt+ 1√
x2t2 + 2xµt+ 1

≈ 1− t2

3
[
1− L2(µ)

]
x2 . (2.35)

In the ‘bisector’ case, where θ = φ, we have

t = xµ+ y

2xµ , y =
√
x2µ2 + 1− 1, (2.36)

giving2

sin θ =
√
y(1− µ2)
2µ2 + y

≈ 1
2

√
1− µ2x, (2.37)

cos θ =
√
µ2(y + 2)
2µ2 + y

≈ 1− 1
12
[
1− L2(µ)

]
x2. (2.38)

For the general case (any t), we have

f(r1) ≈ f(d) +f ′(d)L1(µ) tx+ 1
6

{
f ′(d) +f ′′(d)−2

[
2f ′(d)−f ′′(d)

]
L2(µ)

}
t2x2 + · · · , (2.39)

where ′ = d/d ln d. For a function of r2, we replace t→ (t− 1). In the bisector case:

f(r1) ≈ f(d) + 1
2f
′(d)L1(µ)x+ 1

24
[
3f ′(d) + f ′′(d)− 2f ′′(d)L2(µ)

]
x2 + · · · , (2.40)

and for r2 we replace x→ −x.
Inserting these into the coefficients cn`′(d, θ, φ, µ), we expand as a Taylor series. In

order to extract the multipoles from products of Legendre polynomials, it is convenient to
use (2.29).

2.2.1 Hierarchy of terms
We briefly give an overview of the relative size of the contributions as we include wide-angle
effects. We are expanding in a series in x = r/d, corresponding to 1/kd in the power spectrum,
but once wide-angle effects are included like this there are a number of extra contributions
which must be consistently included as we have discussed. Once we approach distances with

2Note that truncating the Legendre expansion in sin θ ≈ π
[
64− 40L2(µ)− 9L4(µ) + · · ·

]
x/512 means that

sin2 θ + cos2 θ 6= 1 at each order in x. However, in all the expressions for cn` only cos(mθ + nγ), with m,n
integers, appears, which means that we only have factors of sin θ sin γ ≈ 1

2 (1− µ2)x, and no truncation of the
Legendre series is necessary.
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z ∼ 1, d ∼ 1/H, so 1/kd ∼ H/k implying the need for the relativistic terms. Therefore, for a
fully consistent approach, we need an expansion in powers of p+ n where we consider terms(

r

d

)p (H
k

)n
∼
( 1
kd

)p (H
k

)n
∼
(H
k

)p+n
, (2.41)

together.
Furthermore, we include derivatives of the growth rate, biases, and other variables since

these derivatives are typically not negligible. Consider the ln d derivative of the grwoth rate:

xf ′(d) = r
df
dd = rH0h(z)df

dz , (2.42)

where h(z) = H(z)/H0 and d =
∫

dz/H. This can be compared to

xf(d) = r

d
f(z) = rH0∫ z

0 dz/h(z)f(z) , (2.43)

leading to

f ′(d)
f(d) =

[
h(z)

∫ z

0

dz
h(z)

]
f ′(z)
f(z) ≈ z

f ′(z)
f(z) . (2.44)

The term in square brackets is found numerically to be ≈ z. Therefore for variables whose
derivative with respect to redshift is of the order of the variable itself, the derivatives ap-
pearing in the wide-angle expansion can be important.

In the case of the growth rate,

df
dz = f

1 + z

[
2 + f − 3

2Ωm

(
1 + 1

f

)]
, (2.45)

where the right-hand side is a similar size to f — for a LCDM model we find the contribution
from the derivative of the growth peaks at ∼25% at z ∼ 0.5. Similarly, for a simple bias
model b ∼ (1 + z)σ, we have b′(z) ∼ σ z(1 + z)σ−1 so b′(z)/b = σ z/(1 + z). For α it is more
complicated, because the relative importance of α′ is strongly dependent on the evolution
and magnification biases. As an example, if be = 1 = Q then the correction peaks at ∼ 50%
above z ∼ 1 and can be more significant than this even at low redshift.

We now discuss the contributions to the most important multipoles in the cases of the
line of sight being chosen either as the mid-point (t = 1/2) or the equal angle bisector (φ = θ).
We give general formulas for any t in appendix B.

2.2.2 Contributions to galaxy-galaxy multipoles

Contributions to the monopole. At O(x0), i.e., the plane-parallel limit, we have

Ξ(0,0)
00 = b1b2 + 1

3f(b1 + b2) + 1
5f

2 (2.46)

Ξ(0,2)
00 = 1

3α1α2f
2 . (2.47)

Note that all terms are evaluated at position d, as is the case with all similar formulas below.
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At O(x1) there are only contributions from `′ = 1. In the case of the bisector and
midpoint (t = 1/2) geometries:

Ξ(1,1)
01 = 1

15f
[
5(α1b2 + α2b1)− f(α1 + α2)

]
+ 1

30f
[
α′1(3f + 5b2) + α′2(3f + 5b1)

]
− 1

6f
(
α1b
′
2 + α2b

′
1

)
+ 1

6f
′(α1b2 + α2b1), (2.48)

These all have n = 1, so the overall order of these corrections in the 2PCF is (H/k)(r/d)
which is equivalent to (H/k)(1/kd) in the power spectrum, and they are present even for the
case of a single tracer. At O(x2) ∼ O[1/(kd)2], the contributions arise with n = 0 so have
an overall order (H/k)0(r/d)2 ∼ (H/k)0(1/kd)2, and are consequently similar in size to the
O(x) terms on large scales. In the bisector case we have,

Ξ(2,0)
00 = − 4

45f
2 − 1

36f
′(b′1 + b′2)− 1

12b
′
1b
′
2 + 1

360 [5(b1 + b2) + 6f ] (f ′′ + 3f ′)

+ 1
72 (f + 3b2) (b′′1 + 3b′1) + 1

72 (f + 3b1) (b′′2 + 3b′2)− 1
60(f ′2) , (2.49)

Ξ(2,0)
02 = − 1

90f
[
2f + 9(b1 + b2)

]
+ 1

15f(b′1 + b′2)− 1
15f

′(b1 + b2) + 1
45f

′(b′1 + b′2)

− 1
90f(b′′1 + b′′2)− 1

630

[
12f + 7(b1 + b2)

]
+ 2

105(f ′)2. (2.50)

The bisector and midpoint contributions are no longer equal however. For general t, all even
`′ contribute, but in the bisector case only `′ = 4 is zero.

In all these cases there is only marginal simplification from specialising to a single tracer.

Contributions to the dipole. First we have the plane-parallel limit,

Ξ(0,1)
11 = 1

5f [3f(α1 − α2) + 5(α1b2 − α2b1)] , (2.51)

which vanishes for a single tracer.
At O(x1) the principal corrections to the dipole are only from `′ = 0 and `′ = 2 (and

not from `′ = 4):

Ξ(1,0)
10 = 1

6
[
b′1(f + 3b2)− b′2(f + 3b1) + f ′(b2 − b1)

]
, (2.52)

Ξ(1,0)
12 = 2

5f(b1 − b2) + 2
15

[
f(b′2 − b′1) + f ′(b1 − b2)

]
. (2.53)

These expressions are valid for the bisector and midpoint configurations and vanish in the case
of a single-tracer survey. This is not the case for any other configurations and a single-tracer
survey will have corrections from all even `′.

At higher order in x, they are further suppressed by a factor of H/k (i.e., for p = 2 the
non-zero contributions are from n = 1), and again the bisector and midpoint configurations
have different (complicated) contributions — which all vanish for a single tracer, but not in
the mutli-tracer case.
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Contributions to the quadrupole. The plane-parallel limit is

Ξ(0,0)
22 = − 2

21f [7(b1 + b2) + 6f ] , (2.54)

and the leading O(x) corrections are for both bisector and midpoint,

Ξ(1,1)
21 = 1

15f
[
f(α1 + α2)− 5(α1b2 + α2b1)

]
+ 1

15f
[
α′1(3f + 5b2) + α′2(3f + 5b1)

]
− 1

3f(α1b
′
2 + α2b

′
1) + 1

3f
′(α1b2 + α2b1), (2.55)

Ξ(1,1)
23 = 4

35f
2(α1 + α2)− 3

35f
2(α′1 + α′2) . (2.56)

As in the case of the monopole, these corrections arise from the relativistic terms and are
non-zero for a single tracer survey also. However for consistency at this order we need the
O(x2) contributions, which all have n = 0. For the bisector case,

Ξ(2,0)
20 = + 4

45f
2 − 1

18f
′(b′1 + b′2)− 1

6b
′
1b
′
2 + 1

180
[
5(b1 + b2) + 6f

]
f ′′ + 1

36 (f + 3b2) b′′1

+ 1
36 (f + 3b1) b′′2 −

1
30(f ′)2 , (2.57)

Ξ(0,2)
22 = −2

3α1α2f
2 , (2.58)

Ξ(2,0)
22 = 1

882f
[
106f + 189(b1 + b2)

]
+ 1

252b
′
1(22f ′ − 9f) + 1

252b
′
2(22f ′ − 9f)

− 1
84f

′[12f + 11(b1 + b2)]− 11
252f(b′′1 + b′′2)− 1

1764f
′′[132f + 77(b1 + b2)]

+ 11
147(f ′)2, (2.59)

Ξ(2,0)
24 = 4

735
[
− 3f2 + 2ff ′′ − 2(f ′2)

]
. (2.60)

with a similar formula for the mid-point case.

Contributions to the higher multipoles. The plane-parallel limit for the octupole is

Ξ(0,1)
33 = 2

5f
2 (α2 − α1) , (2.61)

which vanishes for a single tracer, while the hexadecapole is always present:

Ξ(0,0)
44 = 8

35f
2 . (2.62)

The leading wide-angle corrections are

Ξ(1,0)
32 = −2

5f(b1 − b2) + 1
5f
(
b′2 − b′1

)
+ 1

5f
′(b1 − b2), (2.63)

for the octupole and

Ξ(1,1)
43 = − 4

35f
2(α1 + α2)− 4

35f
2(α′1 + α′2), (2.64)
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for the hexadecapole. As with the other even multipoles, we also need the O(x2) terms for
consistency:

Ξ(2,0)
42 = − 4

245f
[
6f + 7(b1 + b2)

]
+ 4

35f
′(b1 + b2) + 2

35b
′
1(f ′ − 2f) + 2

35b
′
2(f ′ − 2f) (2.65)

− 1
35f

(
b′′1 + b′′2

)
− 1

245f
′′
[
12f + 7(b1 + b2)

]
+ 12

245(f ′)2,

Ξ(2,0)
44 = 4

245f
2 + 2

35ff
′ + 78

2695

[
ff ′′ − (f ′)2

]
, (2.66)

Ξ(2,0)
64 = 4

231

[
ff ′′ − (f ′)2

]
. (2.67)

As for the other cases, this is given for the bisector line of sight.
In summary, for the even multipoles in a symmetric configuration of d and r, the leading

wide-angle corrections are suppressed in the 2PCF by a factor of r/d (equivalently 1/kd in
the power spectrum) but also by a factor of H/k, as they arise from the relativistic part.
Given that H/k ∼ r/d for large-scale surveys, this implies that the consistent wide-angle
correction needs to include the Newtonian O(x2) contributions. It also implies that the
leading wide-angle corrections require the relativistic corrections for a consistent treatment,
in addition to derivative terms, even in the single-tracer case, as the Newtonian part does
not capture the full range of effects.

However for the odd multipoles, the multi-tracer plane-parallel limit is already O(H/k)
from the relativistic corrections, while the leading wide-angle correction does not have this
suppression factor (arising purely from the Newtonian part) — which implies that the New-
tonian wide-angle corrections will be a similar size to the relativistic plane-parallel part when
H/k ∼ r/d.

2.2.3 Contributions to galaxy-magnification multipoles
Contributions to the monopole. At O(x0), i.e., the plane-parallel limit we have

Ξ̃(0,2)
00 = 1

3α1α̃2f
2 . (2.68)

The leading wide-angle corrections at O(x2), for both bisector and mid-point lines of sight, are

Ξ̃(1,1)
01 = − 1

15 α̃2f(f − 5b1)− 1
6 α̃2b

′
1f + 1

30 α̃
′
2f(3f + 5b1) + 1

6 α̃2b1f
′ . (2.69)

Note that this wide-angle correction to the monopole occurs at order n = 1 compared with
the plane parallel limit which has n = 2. Therefore we can expect these to be a similar size
when (H/k)2 ∼ (H/k)1(r/d)1. The next contributions at O(x2) are all at order n = 2 and
are thus sub-dominant. As in the galaxy-galaxy case, the midpoint and bisector results are
different.

Ξ̃2,2
00 = −1

9α1α̃2f
2 + 1

24α1α̃
′
2f

2 + 1
72α

′
1f

2(3α̃2 − 2α̃′2) + 1
12α1α̃2ff

′

+ 1
72f

2(α′′1α̃2 + α1α̃
′′
2) + 1

36α1α̃2

[
ff ′′ − (f ′)2

]
, (2.70)

Ξ̃(2,2)
02 = 1

18α1α̃2f
2 + 1

45α
′
1α̃
′
2f

2 − 1
90

[
α1α̃

′′
2f

2 + α′′1α̃2f
2 + 2α1α̃2ff

′′ − 2α1α2(f ′)2
]
. (2.71)
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Contributions to the dipole. The plane-parallel limit is

Ξ̃(0,1)
11 = −3

5 α̃2f
2 − α̃2b1f , (2.72)

while the leading wide-angle O(x) correction is

Ξ̃(1,2)
10 = 1

6f
2(α′1α̃2 − α1α̃

′
2) , (2.73)

Ξ̃(1,2)
12 = − 2

15f
2 (α′1α̃2 − α1α̃

′
2
)
. (2.74)

Note that these are further suppressed, beyond the factor r/d compared to the plane-parallel
limit, by an extra factor of H/k.

At O(x2) we have corrections from n = 1 terms which can be a similar size to the O(x)
corrections — again these are different for the mid-point and bisector cases. For the bisector
case we have

Ξ̃(2,1)
11 = 1

100 α̃2f(11f + 5b1)− 1
40 α̃2b

′
1f + 1

200 α̃
′
2(30fb′1 − 11f2 − 45b1f)

+ 3
40f

′
[
2α̃2b

′
1 − 2α̃′2b1 − α̃2(2f + 3b1)

]
− 3

200 α̃2f
′′(6f + 5b1)

− 1
200 α̃

′′
2(9f2 + 15b1f)− 3

40 α̃2b
′′
1f + 9

100 α̃2(f ′)2 , (2.75)

Ξ̃(2,1)
13 = − 2

175 α̃2f
2 − 4

175 α̃
′
2f

2 + 3
350

[
α̃′′2f

2 + 2α̃2ff
′′ − 2α̃2(f ′)2

]
. (2.76)

Contributions to the quadrupole. At O(x0) we have

Ξ̃(0,2)
22 = 2

3α1α̃2f
2 . (2.77)

The leading wide-angle corrections at O(x), for the bisector and the midpoint case are ,

Ξ̃(1,1)
21 = 1

15 α̃2f(f − 5b1)− 1
3 α̃2b

′
1f + 1

15 α̃
′
2f(3f + 5b1) + 1

3 α̃2b1f
′ , (2.78)

Ξ̃(1,1)
23 = 4

35 α̃2f
2 − 3

35 α̃
′
2f

2 . (2.79)

Again, note that this is a similar size to the plane-parallel contribution. The next order
O(x2) is suppressed, having only contributions from n = 2:

Ξ̃(2,2)
20 = 1

9α1α̃2f
2 − 1

18α
′
1α̃
′
2f

2 + 1
36

(
α1α̃

′′
2f

2 + α′′1α̃2f
2 + 2α1α̃2ff

′′
)
− 1

18α1α̃2(f ′)2 ,

(2.80)

Ξ̃(2,2)
22 = − 1

18α1α̃2f
2 − 1

12α1α̃
′
2f

2 + 1
252α

′
1(22α̃′2f2 − 21α̃2f

2)− 1
6α1α̃2ff

′

− 11
252

(
α′′1α̃2f

2 + α1α̃
′′
2f

2 + 2α1α2ff
′′
)

+ 11
126α1α̃2(f ′)2 . (2.81)
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Contributions to the higher multipoles. In the plane-parallel limit, the octupole has

Ξ̃(0,1)
33 = 2

5 α̃2f
2 , (2.82)

and there is no hexadecapole. The leading O(x) wide-angle corrections are

Ξ̃(1,2)
32 = −1

5f
2 (α′1α̃2 − α1α̃

′
2
)
, (2.83)

for the octupole. The O(x2) contributions are a similar size; for the bisector case,

Ξ̃(2,1)
31 = − 1

100 α̃2f(11f + 5b1)− 1
10 α̃2b

′
1f + 1

50 α̃
′
2

[
5fb′1 − f(f − 5b1)

]
+ 1

10f
′(α̃2b

′
1 − α̃′2b1 + α̃2b1)− 1

100 α̃2f
′′(6f + 5b1)− 1

100 α̃
′′
2(3f2 + 5b1f)

− 1
20 α̃2b

′′
1f + 3

50 α̃2(f ′)2 , (2.84)

Ξ̃(2,1)
53 = 1

63 α̃2f
2 + 2

63

[
α̃′2f

2 + α̃2ff
′′ − α̃2(f ′)2

]
+ 1

63 α̃
′′
2f

2 . (2.85)

Finally we have the wide-angle correction for the hexadecapole:

Ξ̃(1,1)
43 = − 4

35 α̃2f
2 − 4

35 α̃
′
2f

2 , (2.86)

Ξ̃(2,2)
42 = 2

35α1α̃2(f ′)2 − 1
35

(
α′′1α̃2f

2 + α1α̃
′′
2f

2 + 2α1α̃2ff
′′ − 2α′1α̃′2f2

)
. (2.87)

3 Moments of the power spectrum

In this section we give a detailed discussion on evaluating the integrals involved in P pn``′ (k).
Some of the results below cover well-known results which we generalise by giving new deriva-
tions valid for all values of p, `, `′.

3.1 Evaluating the integrals Ip
``′(k, q)

In general the integral (1.27) is formally divergent for p ≥ 0, but its relevance for us is as a
distribution, so we need to find its finite part. This is because it is integrated against Pm(q),
which will result in a convergent result, provided that Pm(q) is sufficiently compact. For
example, for ` = `′, we have the well known closure relation:

I0
``(k, q) = π

2kq δ(k − q) , (3.1)

which has a singular point at k = q. However, for ` 6= `′ the distributions and singular points
become more complicated — and in some cases quite subtle. We give a detailed discussion
of some of the subtleties of the distributions in appendix C, including also a full derivation
of the results presented here. We first give formulas for p = 0, then demonstrate how to
calculate the integrals for p > 0. Note that the integral (1.27) satisfies a simple symmetry:

Ip``′(k, q) = Ip`′`(q, k) . (3.2)
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p = 0. Consider I0
``′(k, q), with ` 6= `′, following [37] (derived in a new way in appendix C).

For `− `′ even:

I0
``′ (k, q) =


g``′ (k, q) Θ (k − q) + π

2kq (−1)(`−`′)/2δ (k − q) ` > `′ ,

g`′` (q, k) Θ (q − k) + π

2kq (−1)(`′−`)/2δ (k − q) ` < `′ ,

(3.3)

where Θ is the unit step function (we do not need it at the origin as this does not affect the
distribution — but see appendix C for the case p = −2 where we do need it). We can rewrite
this as

I0
``′ (k, q) = g``′ (k, q) Θ (k − q) Θ(`− `′) + g`′` (q, k) Θ (q − k) Θ(`′ − `)

+ π

2kq (−1)(`−`′)/2δ (k − q) . (3.4)

The function g, for k < q, is given by

g`′` (q, k) = π

q3

(
k

q

)` Γ [(`+ `′ + 3) /2]
Γ (`+ 3/2) Γ [(`′ − `) /2] 2F1

(
`+ `′ + 3

2 ,
`− `′

2 + 1; `+ 3
2; k

2

q2

)
,

(3.5)

and g``′(k, q) = 0. For k > q we have

g``′ (k, q) = π

k3

(
q

k

)`′ Γ [(`+ `′ + 3) /2]
Γ (`′ + 3/2) Γ [(`− `′) /2] 2F1

(
`+ `′ + 3

2 ,
`′ − `

2 + 1; `′ + 3
2; q

2

k2

)
.

(3.6)

For `− `′ odd we have instead,

I0
``′ (k, q) = g``′ (k, q) Θ (k − q) + g`′` (q, k) Θ (q − k) . (3.7)

These functions are not actually that complicated for the small values of ` that we need, and
in general can be written in terms of Legendre functions [37]. In the case of `− `′ even, the
relevant functions are, for q > k,

g20(q, k) = 3π
2q3 , g31(q, k) = 5πk

2q4 , g40(q, k) = 5π
(
3q2 − 7k2)

4q5 , g42(q, k) = 7πk2

2q5 , (3.8)

and so on. The cases for k > q are given by swapping k ↔ q. Note that g``′(k, q) are not
required for ` < `′. From this we find

I0
20 (k, q) = 3π

2k3 Θ(k − q)− π

2kq δ(k − q) , (3.9)

I0
3,1(k, q) = 5πq

2k4 Θ(k − q)− π

2q2 δ(k − q) , (3.10)

and so on. (Formulas are listed in appendix C.)
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For `−`′ odd, once converted to elementary functions, we can combine the step functions
to give the integrals as sums over polynomials and factors of ln[|q−k|/(k+ q)] and 1/(q−k).
These give singular points to be integrated over later. The lowest ``′ integrals are

I0
10 (k, q) = 1

k(k2 − q2) −
1

2k2q
ln |k − q|

k + q
, (3.11)

I0
2,1(k, q) = 3q2 − k2

2k2q(k2 − q2) −
k2 + 3q2

4k3q2 ln |k − q|
k + q

, (3.12)

I0
30 (k, q) = 13k2 − 15q2

2k3(k2 − q2) + 3(5q2 − k2)
4k4q

ln |k − q|
k + q

, (3.13)

I0
32 (k, q) =

(
3q2 − 3k2) (k2 + 3q2)

8q2k3(k2 − q2) − 3
(
k4 + 2k2q2 + 5q4)

16k4q3 ln |k − q|
k + q

. (3.14)

To find the corresponding formulas with ` and `′ reversed, switch q and k. These are valid
for all q 6= k. Further formulas are in appendix C.

p > 0. We can derive the distributions for Ip``′(k, q) from I0
``′(k, q) by using

Ip``′(k, q) = − 1
k1−`

∂

∂k

[
k1−`

∫ ∞
0

dr r1+p j`−1(kr) j`′(qr)
]

= −k`−1 ∂

∂k

[
k1−`Ip−1

`−1,`′(k, q)
]
,

(3.15)
and

Ip``′(k, q) = 1
k2+`

∂

∂k

[
k2+`

∫ ∞
0

dr r1+p j`+1(kr) j`′(qr)
]

= 1
k2+`

∂

∂k

[
k2+`Ip−1

`+1,`′(k, q)
]
, (3.16)

to step up the powers of r in the integrand. These are found via the identities

j′`(x) = j`−1(x)− `+ 1
x

j`(x), j′`(x) = −j`+1(x) + `

x
j`(x) . (3.17)

Then we can derive

Ip+2
``′ (k, q) = −k`−1 ∂

∂k

[
k−2` ∂

∂k
k`+1Ip``′(k, q)

]
=
[
− ∂2

∂k2 −
2
k

∂

∂k
+ `(`+ 1)

k2

]
Ip``′(k, q),

(3.18)

to step up two powers of r while keeping ``′ the same. The operator in square brackets in the
second equality is the spherical Bessel function differential operator. From these relations
we see that if |` − `′| + p is even, then the resulting distributions will be a mixture of step
functions and δ-functions; while if |` − `′| + p is odd, the resulting integrals will be rational
functions, which have poles of order p + 1 at k = q, plus another rational function with a
singular point ∼ ln |k − q|.

First we calculate I1
``′ (k, q), starting with

I1
00(k, q) = 1

k2
∂

∂k

[
k2I0

10(k, q)
]

= − 2
(q + k)2(k − q)2 . (3.19)

Then

I1
20(k, q) = 1

k4
∂

∂k

[
k4I0

30(k, q)
]

= − 3
2k3q

ln |k − q|
k + q

+ 5k2 − 3q2

k2(q + k)2(k − q)2 , (3.20)
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with similar formulas for other values of ` − `′ even. Note that the singularities in these
functions at k = q do not get worse than ln |k − q| and 1/(k − q)2.

For ` − `′ odd, these come from ` − `′ even with p = 0, and thus involve δ-functions.
For example,

I1
10(k, q) = 1

k3
∂

∂k

[
k3I0

20(k, q)
]

= − π

2q2 δ
′(k − q) , (3.21)

I1
4,1(k, q) = −4π

q3 δ(k − q) + π

2q2 δ
′(k − q) + 35πq

2k5 Θ(k − q) . (3.22)

We can also derive general formulas from the closure relation,3

I1
`−1,`(k, q) = π(`+ 1)

2k3 δ(k − q)− π

2k2 δ
′(k − q) = π

2
q`−1

k`+1 δ
′(k − q) , (3.26)

I1
`+1,`(k, q) = π`

2k3 δ(k − q) + π

2k2 δ
′(k − q) = −π2

k`

q`+2 δ
′(k − q) . (3.27)

For n ≥ 2 we just repeat the process. When ` = `′ we can use (3.18) and the closure
relation, giving

I2
``(k, q) = π(`+ 2)(`− 1)

2k4 δ(k − q) + π

k3 δ
′(k − q)− π

2k2 δ
′′(k − q) , (3.28)

I4
``(k, q) = π(`− 1)(`− 3)(`+ 4)(`+ 2)

2k6 δ(k − q) + 4π
(
`2 + `− 3

)
k5 δ′(k − q)

− π(`+ 3)(`− 2)
k4 δ′′(k − q)− 2π

k3 δ
′′′(k − q) + π

2k2 δ
(4)(k − q) . (3.29)

We can derive general formulas for nearby `, such as

I2
`−2,`(k, q) = π`(`− 1)

2k4 δ(k − q) + π`

k3 δ
′(k − q) + π

2k2 δ
′′(k − q) , (3.30)

I2
`+2,`(k, q) = π(`+ 2)(`+ 1)

2k4 δ(k − q)− π(`+ 1)
k3 δ′(k − q) + π

2k2 δ
′′(k − q) , (3.31)

with similar formulas for I3
`±3,`(k, q), I3

`±1,`(k, q), I4
`±4,`(k, q), I4

`±2,`(k, q) .
Tabulated integrals may be found in appendix C.

3.2 Integration of the power spectrum

To complete our expansion of the multipoles of the power spectrum, we need to compute

P pn``′ (k) = kp
∫ ∞

0
dq q2−n Pm(q) Ip``′(k, q) . (3.32)

3Expressions involving derivatives of delta functions can appear different depending on how they are
derived. From

∂

∂k
[qpδ(k − q)] = qpδ′(k − q) = ∂

∂k
[kpδ(k − q)] , (3.23)

we can derive

qpδ′(k − q) = kpδ′(k − q) + pkp−1δ(k − q) , (3.24)
qpδ′′(k − q) = kpδ′′(k − q) + 2pkp−1δ′(k − q) + (p− 1)kp−2δ(k − q) , (3.25)

and so on. This explains the difference in appearance between some of the expressions here and those in [8].
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Having evaluated Ip``′(k, q) in terms of relatively simple distributions means that these are
straightforward to compute numerically, rather than having to compute highly oscillatory
triple integrals. Given that they are distributions, there are some subtleties:

|`− `′|+ p even: The integrals consist of delta functions and derivatives thereof, together
with step functions. The delta functions evaluate to sample the power spectrum and its
derivatives at k, and the step functions sample the long wavelength part of the power
spectrum for ` < `′ and the short wavelength part for ` > `′.

|`− `′|+ p odd: The integrals consist of regular plus singular parts, all of the form∫ ∞
0

dq
{
f1(q, k)

[
ln |k − q| − ln(k + q)

]
+ f2(q, k)

(k − q)p+1

}
, (3.33)

which is singular at k = q and formally diverges. However what we need is the finite
part — i.e. the Cauchy Principal Value in the case of the 1/(k − q) singularities, and
Hadamard regularisation for p > 0. The stronger singularities for p > 0 can be evalu-
ated integrating by parts, assuming Pm(q) and its derivatives vanish sufficiently rapidly
at q = 0 and q =∞:∫ ∞

0
dq
{
f1(q, k)

[
ln |k − q| − ln(k + q)

]
+ f2(q, k)

(k − q)p+1

}
(3.34)

=
∫ ∞

0
dq
{
− f1(q, k) ln(k + q)

+ (k − q)(1− ln |k − q|)
[
−∂f1(q, k)

∂q
+ (−1)p+1

p!
∂p+2f2(q, k)

∂qp+2

]}
.

In general we would use finite limits, which are most easily dealt with in this formula
by cutting off P (q) with step functions — these then evaluate to delta functions in the
integrand (and cannot be ignored). More details are given in subsection C.2.

An alternative approach which avoids the singular integrals is to use (3.18) and (3.16)
to reduce the order in (3.32) down to I−2

``′ (k, q). For example, for p even,

P pn``′ (k) =
[
D(`)
k

](p+2)/2 ∫ ∞
0

dq q2−n Pm(q) I−2
``′ (k, q) , (3.35)

where
D(`)
k = − ∂2

∂k2 −
2
k

∂

∂k
+ `(`+ 1)

k2 . (3.36)

For p odd,

P pn``′ (k) =
[
D(`)
k

](p+1)/2 1
k2+`

∂

∂k

[
k2+`

∫ ∞
0

dq q2−n Pm(q) I−2
`+1,`′(k, q)

]
. (3.37)

Therefore, given P−2,n
``′ (k), we can compute the rest simply by taking suitable derivatives.

There is a subtlety involved in swapping the derivative and integral because the integrals
for p ≥ 0 are distributions and not convergent — yet the integrals in (3.35) and (3.37) are
convergent and well defined. A full discussion of this is given in subsection C.2.
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3.2.1 Multipoles of the power spectra
For completeness, we explicitly give here the lowest multipoles of the power spectra up to
O(1/kd). For the galaxy-galaxy bisector case, we have

P0(k) = 1
15P (k)

[
3f2 + 5f(b1 + b2) + 15b1b2

]
+ 1

30k2d

[
kP,k(k) + P (k)

][
10f(α1b2 + b1α2)

− 2f2(α1 + α2) + α′1f(3f + 5b2) + α′2f(3f + 5b1)

− 5f(b′1α2 + b′2α1) + 5f ′(α1b2 + b1α2)
]
, (3.38)

P1(k) = i
5kP (k)f [3f(α2 − α1) + 5α1b2 − 5b1α2]

+ i
10kd

{
kP,k(k)

[
(4f + 3f ′)(b2 − b1)− 3f(b′2 − b′1) + 5(b′1b2 − b′2b1)

]
+ 4P (k)

[
(3f + f ′)(b2 − b1)− f(b′2 − b′1)

] }
, (3.39)

P2(k) = 2
21P (k)f [6f + 7(b1 + b2)] + 1

21k2d

{
kP,k(k)

[
− (α1 + α2)f2 − 7f(b1α2 + α1b2)

+ 7f ′(α1b2 + b1α2) + f(6f + 7b1)α′2 + f(6f + 7b2)α′1 − 7f(α2b
′
1 + α1b

′
2)
]

+ 14P (k)
[
− 10f2(α1 + α2) + 14f(b1α2 + α1b2)−

(
3f2 + 14b2f

)
α′1

−
(
3f2 + 14fb1

)
α′2 − 14(b1α2 + α1b2)f ′ + 14f(α2b

′
1 + α1b

′
2)
]}

. (3.40)

In figure 2 we show a plot of the O(1/kd) wide-angle corrections to the dipole for the multi-
tracer bisector case, in order to illustrate the size of the corrections and the importance of the
derivative terms. Here we have chosen b1 = 1, be1 = 0 = Q1, and b2 = 1+z, be2 = −5, Q2 = 2
for illustration purposes. In the bisector case of t = 1/2, we see that for small k the wide-
angle corrections are small relative to the leading relativistic term, but become important
for larger k. This is the opposite to the endpoint case of t = 0, where the smaller k is, the
more important the wide-angle corrections are.

We also see that inclusion of derivative terms is vital for calculating the wide-angle
corrections, since neglecting them gives the wrong values, often by a significant margin. The
details of how important they are depend on the biases bi, bei,Qi, as well as the triangle
configuration that is chosen. For example, when t = 1 the corrections are much smaller
because there are no b′2 factors. The features from the baryon acoustic oscillations are
enhanced from the kP,k contribution which is larger than P (k) for large k.

For the case of the galaxy magnification power spectrum we have

P̃0(k) =− 1
3k2P (k)f2α1α̃2+ 1

30k2d

[
kP,k(k)+P (k)

][
2fα̃2(5b1−f)+(3f+5b1)fα̃′2

+5α̃2(f ′b1−fb′1)
]
, (3.41)

P̃1(k) = i
5kP (k)fα̃2 (5b1+3f)− i

10k3d

[
3kP,k(k)−2P (k)

]
f2 (α1α̃

′
2−α̃2α

′
1
)
, (3.42)

P̃2(k) = 2
3k2P (k)f2α1α̃2+ 1

21k2d

{
kP,k(k)

[
−(f2+7b1f+7b′1f−7f ′b1)α̃2+(6f+7b1)fα̃′2

]
+P (k)

[
2fα̃2 (7b1−5f)−f (3f+14b1) α̃′2+14α̃2(f ′b1−fb′1)

]}
. (3.43)
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Figure 2. Leading-order wide-angle corrections to the dipole of the power spectrum for two tracers,
shown relative to the plane-parallel limit at various redshifts. Solid lines are the correct expressions,
and dashed correspond to neglecting derivative terms. Two configurations are shown: bisector (left)
and endpoint (right).

4 Conclusions

We have given for the first time the wide-angle corrections to the multi-tracer 2PCF and
associated power spectrum, including the relativistic Doppler corrections which go beyond
the normal redshift space distortion effect. We have also presented the wide-angle corrections
for the density-magnification cross-power spectrum. The full-sky power spectrum is expanded
as a series in powers of 1/kd, with each term expanded into Legendre multipoles in the angle
between the line-of-sight vector d and the mode vector k. The coefficients of this expansion
are just the coefficients of the equivalent expansion in r/d of the 2PCF, weighted by an
appropriate integral over the matter power spectrum. We have presented the coefficients for
the equal-angle bisector and mid-point cases, as well as for an arbitrary line of sight.

A key result of our analysis has been to show the importance of the relativistic Doppler
corrections as well as the derivative terms in the expansion — both typically neglected in
previous analysis. While the relativistic terms enter the observed galaxy number density
contrast at O(H/k), they only enter the 2PCF at O[(H/k)2] — except in the multi-tracer
case, when the corrections appear at O(H/k), and is therefore a useful method for measuring
relativistic effects. Similarly the density-magnification 2PCF has also been shown to be
an important probe of relativistic effects. However, once we are interested in effects which
appear at O(H/k), wide-angle effects need to be considered — since in the 2PCF they arise at
O(r/d), and in the power spectrum at O([1/(kd)], which for large-scale surveys is potentially
a similar size to O(H/k). Therefore, for a fully consistent approach we need an expansion in
powers of p+ n where we consider terms(

r

d

)p (H
k

)n
∼
( 1
kd

)p (H
k

)n
∼
(H
k

)p+n
, (4.1)

as similar size, and we need to keep derivative terms at each order for consistency. In doing
this we find, in the galaxy-galaxy case, that the even multipoles at O(r/d) receive relativistic
corrections of O(H/k), which implies Newtonian wide-angle corrections at O(x2) are required
for consistency. In addition, we find that for the odd multipoles in the multi-tracer case only,
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Newtonian wide-angle corrections are required for a consistent treatment of the plane-parallel
limit. This is clearly seen in figure 2 where the O(1/kd) terms are a significant correction for
large k. This also shows the importance of the derivative terms in the wide-angle expansion.
This analysis implies that the relativistic calculations also require n = 2 potential terms for
a fully consistent wide-angle expansion, which is a straightforward extension that we leave
for future work.

In the galaxy-magnification cross-power case, we show that as a potential observable of
relativistic effects, the dipole and octupole have wide-angle corrections which are suppressed
by a factor (H/k)(r/d) over the plane-parallel limit. For the even multipoles, the wide-angle
corrections are of a similar size to the plane-parallel case.

Finally, we have given a full discussion of the resulting integrals that appear in the wide-
angle expansion, i.e., Ip``′(k, q). Although these are well known for some values of p, `, `′, the
full set of cases has not been discussed in this context and given in terms of elementary
functions. Furthermore, in appendix C we have given a new derivation of these integrals
as distributions, together with a discussion of understanding the integrals as the Hadamard
finite part, which allows us to give a general formula for an analytic function integrated
against a pair of spherical Bessel functions (C.37).
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A The coefficients cn`

The cn` for the density-density 2PCF are given by [2], correcting typos in [1]. First, we note
that a dimensionless alternative ξ̆(n̆)

` to our ξ(n)
` is used in [2] [eq. (3.45)]:

ξ
(n)
` = (−1)n̆+` r`−2n̆ ξ̆

(n̆)
` where n̆ = 1

2(n+ `) . (A.1)

Then [2] defines c̆(n̆)
` , so that our cn` ξ(n)

` corresponds to c̆(n̆)
` ξ̆

(n̆)
` , taking into account the defi-

nition of ᾰi in [2], which corresponds to our case via αi = r`−2n̆ᾰi. The triangle configuration
in [2] is defined by 3 interior angles: the opening angle Θ = cos−1 r̂1 · r̂2 and the remaining
angles γ1, γ2. This configuration corresponds naturally to an ‘end-point’ line of sight in our
set-up:

In [2]: d̂ = r̂1 , φ = 0 , Θ = θ , γ1 = γ , γ2 = π − (γ + θ) . (A.2)

The c̆(n̆)
` given by [2] [eqs. (3.34)–(3.42)] become in our notation:

c00 = 1 + 1
3(β1 + β2) + 1

15β1β2 (2 + cos 2θ) , (A.3)

c20 = 1
3α1α2β1β2 cos θ, (A.4)

c11 = α1β1 cos γ − α2β2 cos(γ + θ)

+ 1
5β1β2

{
α1
[
2 cos γ + cos(γ + 2θ)

]
− α2

[
cos(γ − θ) + 2 cos(γ + θ)

]}
, (A.5)
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c02 = −1
6β1

[
1 + 3 cos(2γ)

]
− 1

6β2
[
1 + 3 cos(2γ + 2θ)

]
− 1

42β1β2
[
4 + 9 cos(2γ + 2θ) + 9 cos(2θ) + 2 cos(2θ)

]
, (A.6)

c22 = −1
6α1α2β1β2

[
cos θ + 3 cos(θ + 2γ)

]
, (A.7)

c13 = 1
20β1β2

{
α2
[
cos(γ − θ) + 2 cos(γ + θ) + 5 cos(θ + 3γ)

]
− α1

[
cos(2θ + γ) + 5 cos(2θ + 3γ) + 2 cos(γ)

]}
, (A.8)

c04 = 1
280β1β2

[
3 cos(2θ) + 10 cos(2γ) + 10 cos(2γ + 2θ) + 35 cos(4γ + 2θ) + 6

]
. (A.9)

The bisector line of sight, i.e. φ = θ in our notation, corresponds in [2] to Θ = 2θ,
γ1 = γ − θ and γ2 = π − (γ + θ). The c̆(n̆)

` for the bisector case are given in [2] [eqs. (3.47)–
(3.55)], with a different convention for the angle between d̂ and r̂, i.e. γ̆ = π − γ. This
leads to

c00 = 1 + 1
3
(
β1 + β2

)
+ 1

15β1β2
(
2 + cos 4θ

)
, (A.10)

c20 = 1
3α1α2β1β2 cos 2θ, (A.11)

c11 = α1β1 cos(γ − θ)− α2β2 cos(γ + θ)

+ 1
5β1β2

{
α1
[
2 cos(γ − θ) + cos(γ + 3θ)

]
− α2

[
2 cos(γ + θ) + cos(γ − 3θ)

]}
, (A.12)

c02 = −1
6β1

[
1 + 3 cos(2γ − 2θ)

]
− 1

6β2(1 + 3 cos(2γ + 2θ)
]

− 1
42β1β2

[
4 + 2 cos 4θ + 9 cos(2γ − 2θ) + 9 cos(2γ + 2θ)

]
, (A.13)

c22 = −1
6α1α2β1β2

[
cos 2θ + 3 cos 2γ

]
, (A.14)

c13 = 1
20β1β2

{
α2
[
cos(γ − 3θ) + 2 cos(γ + θ) + 5 cos(3γ − θ)

]
− α1

[
cos(γ + 3θ) + 2 cos(γ − θ) + 5 cos(θ + 3γ)

]}
, (A.15)

c04 = 1
280β1β2

[
3 cos 4θ + 10 cos(2γ + 2θ) + 10 cos(2γ − 2θ) + 35 cos 4γ + 6

]
. (A.16)

In the general case of θ 6= φ and φ 6= 0, we find that

c00 = 1 + 1
3(β1 + β2) + 1

15β1β2
[
2 + cos 2(φ+ θ)

]
(A.17)

c20 = 1
3β1β2α1α2 cos(θ + φ) (A.18)

c11 = 1
5α1

{
5β1 cos(φ− γ) + β1β2

[
2 cos(φ− γ) + cos(2θ + φ+ γ)

]}
− 1

5α2

{
5β2 cos(θ + γ) + β1β2

[
2 cos(θ + γ) + cos(2φ+ θ − γ)

]}
, (A.19)
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c02 = −1
6β1[3 cos(2φ− 2γ) + 1]− 1

6β2[3 cos(2γ + 2θ) + 1]

− 1
42β1β2[4 + 9 cos(2γ + 2θ) + 9 cos(2φ− 2γ) + 2 cos(2θ + 2φ)], (A.20)

c22 = −1
6α1α2β1β2

[
cos(θ + φ) + 3 cos(φ− 2γ − θ)

]
, (A.21)

c13 = 1
20β1β2

{
− α1

[
cos(2θ + φ+ γ) + 5 cos(φ− 3γ − 2θ) + 2 cos(φ− γ)

]
+ α2

[
cos(2φ+ θ − γ) + 5 cos(2φ− 3γ − θ) + 2 cos(θ + γ)

]}
, (A.22)

c04 = 1
280β1β2

[
6 + 35 cos 2(φ− 2γ − θ) + 10 cos 2(φ− γ)

+ 10 cos 2(θ + γ) + 3 cos 2(φ+ θ)
]
. (A.23)

For the coefficients of the galaxy-magnification 2PCF (1.9), we obtain:

c̃20 = 1
3α1β1 cos(φ+ θ) , (A.24)

c̃11 = −1
5β1

[
2 cos(θ + γ) + cos(2φ+ θ − γ)

]
− cos(θ + γ), (A.25)

c̃22 = −1
6α1β1

[
cos(θ + φ) + cos(φ− 2γ − θ)

]
, (A.26)

c̃13 = 1
20β1

[
cos(2φ+ θ − γ) + 2 cos(θ + γ) + 5 cos(2φ− θ − 3γ)

]
. (A.27)

B Wide-angle expansion coefficients

We collect these in terms of the hierarchy p+ n, where(
r

d

)p (H
k

)n
∼
(H
k

)p+n
. (B.1)

Here we used the fact that for large-scale surveys, the two terms are of a similar order of
magnitude.

B.1 Coefficients Ξ(p,n)
``′ in the galaxy-galaxy wide angle expansion for all t

O
[
(H/k)0]:

Ξ(0,0)
00 = b1b2 + 1

3(b1 + b2)f + 1
5f

2 , (B.2)

Ξ(0,0)
22 = −2

3f(b1 + b2)− 4
7f

2 , (B.3)

Ξ(0,0)
44 = 8

35f
2 , (B.4)

O
[
(r/d)1] ∼ O

[
(H/k)1]:

Ξ(0,1)
11 = (α1b2 − α2b1)f + 3

5(α1 − α2)f2, (B.5)

Ξ(0,1)
33 = 2

5(α2 − α1)f2, (B.6)
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Ξ(1,0)
10 = 1

15

{
f ′[3(2t− 1)f + 5(t− 1)b1 + 5tb2] + 5(t− 1)(f + 3b1)b′2 + 5t(f + 3b2)b′1

}
,

(B.7)

Ξ(1,0)
12 = − 4

35f
[
7t(b1 + b2) + 6ft− 3f − 7b1

]
− 4

15f
[
b′1t+ b′2(t− 1)

]
+ 4

105f
′[7b1(1− t) + 6f(1− 2t)− 7b2t

]
, (B.8)

Ξ(1,0)
32 = 4

35f
[
7t(b1 + b2) + 6ft− 3f − 7b1

]
− 2

5f [b′1t+ b′2(t− 1)]

+ 2
35f

′
[
6f(1− 2t) + 7b1(1− t)− 7b2t

]
, (B.9)

Ξ(1,0)
34 = 16

63f
2(2t− 1) + 32

315ff
′(2t− 1), (B.10)

Ξ(1,0)
54 = −16

63f
2(2t− 1) + 8

63ff
′(2t− 1), (B.11)

O
[
(r/d)1 (H/k)1]:

Ξ(1,1)
01 = 2

15f
{

5α1b2t−5α2b1(t−1)+f
[
α1(3t−2)+α2(1−3t)

]}
+ 1

3f
[
α1b
′
2(t−1)−α2b

′
1t
]
+ 1

15f
′
{

3f(α1−α2)(2t−1)−5
[
α2b1(t−1)−α1b2t

]}
+ 1

15f
[
α′1t(3f+5b2)−α′2(t−1)(3f+5b1)

]
, (B.12)

Ξ(1,1)
21 =− 2

15f
{
f
[
α1(3t−2)+α2(1−3t)

]
+5
[
α1b2t−α2b1(t−1)

]}
+ 2

3f
[
α1b
′
2(t−1)−α2b

′
1t
]
+ 2

15f
′[3f(α1−α2)(2t−1)−5α2b1(t−1)+5α1b2t

]
+ 2

15f
[
α′1t(3f+5b2)−α′2(t−1)(3f+5b1)

]
, (B.13)

Ξ(1,1)
23 =− 8

35f
2
[
3t(α1−α2)−2α1+α2

]
+ 6

35

{
f2
[
α′2(t−1)−α′1t

]
−ff ′(α1−α2)(2t−1)

]}
,

(B.14)

Ξ(1,1)
43 = 8

35

{
−f2

[
α1(2−3t)+α2(3t−1)

]
+f2

[
α′2(t−1)−α′1t

]
−ff ′(α1−α2)(2t−1)

}
, (B.15)

For completeness we also give O
[
(r/d)2

]
:

Ξ(0,2)
00 = 1

3α1α2f
2 , (B.16)

Ξ(2,0)
00 = − 4

45f
2 + 1

18b
′
1

[
6t(t− 1)b′

2 + 2t(t− 1)f ′ + t2(f + 3b2)
]

+ 1
18b

′
2

{
2t(t− 1)f ′

+
[
(t− 1)2(f + 3b1)

]}
+ 1

15 t (t− 1) f ′2 + 1
90f

′
[
3f
(
2t2 − 2t+ 1

)
+ 5b1(t− 1)2 + 5b2t

2
]

+ 1
18

[
t2b′′

1(f + 3b2) + (t− 1)2b′′
2(f + 3b1)

]
+ 1

90f
′′
[
3
(
2t2 − 2t+ 1

)
f + 5(t− 1)2b1 + 5t2b2

]
,

(B.17)
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Ξ(2,0)
20 = 4

45f
2 + 2

15 t(t− 1)f ′2 + 2
45f

′
[
3f(2t− 2t2 − 1)− 5b1(t− 1)2 − 5b2t

2
]

+ 2
9b

′
1

[
3t(t− 1)b′

2 + f ′t(t− 1)− t2(f + 3b2)
]

+ 2
9b

′
2

[
f ′t(t− 1)− (f + 3b1)(t− 1)2

]
+ 1

9
[
t2b′′

1(f + 3b2) + (t− 1)2b′′
2(f + 3b1)

]
+ 1

45f
′′
[
5b2t

2 + 5b1(t− 1)2 + 3(2t2 − 2t+ 1)
]
,

(B.18)

Ξ(2,0)
02 = 4

630f
[
f(18t2 − 18t− 1) + 21b1(t− 1)2 + 21b2t

2
]

+ 8
105(f ′)2t(1− t)

+ 2
315f

′
[
f(48t− 48t2 − 6)− 28b1(t− 1)2 − 28b2t

2
]

+ 4
45b

′
1

[
f ′t(1− t)− ft(2t− 3)

]
+ 4

45b
′
2

[
f ′t(1− t)− f(2t− 1)(t− 1)

]
− 2

45f
[
b′′

1 t
2 + b′′

2(t− 1)2
]

+ 2
315f

′′
[
6f(2t− 2t2 + 1)− 7b1(t− 1)2 − 7b2t

2
]
, (B.19)

Ξ(2,0)
22 = 44

9702f
[
f(198t2 − 198t+ 85) + 231b1(t− 1)2 + 231b2t

2
]

+ 44
147(f ′)2t(1− t)

+ 1
63b

′
1

[
22f ′t(1− t)− ft(11t− 12)

]
+ 1

63b
′
2

[
22f ′t(1− t)− f(11t+ 1)(t− 1)

]
− 11

63f
[
b′′

1 t
2 + b′′

2(t− 1)2
]

+ 1
441f

′
[
f(132t− 132t2 − 66)− 77b1(t− 1)2 − 77b2t

2
]

+ 1
441f

′′
[
f(132t− 132t2 − 30)− 77b1(t− 1)2 − 77b2t

2
]
, (B.20)

Ξ(2,0)
42 = − 192

1470f
[
3f(2t2 − 2t+ 1) + 7b1(t− 1)2 + 7b2t

2
]

+ 8
35b

′
1

[
f ′t(1− t) + ft(3t− 2)

]
+ 8

35b
′
2

[
f ′t(1− t) + f(3t− 1)(t− 1)

]
+ 24

245f
′
[
7b1(t− 1)2 + 7b2t

2 + 4f(3t2 − 3t+ 1)
]

− 4
35f

[
b′′

1 t
2 + b′′

2(t− 1)2
]

+ 4
245f

′′
[
6f(2t− 2t2 − 1)− 7b1(t− 1)2 − 7b2t

2
]

+ 48
245(f ′)2t(1− t), (B.21)

Ξ(2,0)
24 = 8

735f
2(30t2 − 30t+ 1) + 16

735ff
′(4t− 1)(4t+ 3) + 32

735(f ′)2t(t− 1)

+ 16
735ff

′′(2t2 − 2t+ 1), (B.22)

Ξ(2,0)
44 = − 8

2695f
2(390t2 − 390t+ 97) + 4

2695ff
′(78t2 − 78t+ 19) + 312

2695 t(t− 1)(f ′)2

+ 156
2695ff

′′(2t2 − 2t+ 1), (B.23)

Ξ(2,0)
64 = 64

231f
2(3t2 − 3t+ 1)− 16

231ff
′(10t2 − 10t+ 3) + 16

231 t(t− 1)(f ′)2

+ 8
231ff

′′(2t2 − 2t+ 1), (B.24)

Ξ(0,2)
22 = −2

3α1α2f
2. (B.25)
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B.2 Coefficients Ξ̃(p,n)
``′ for the galaxy-magnification wide angle expansion

O
[
(H/k)1]:

Ξ̃(0,1)
11 = −1

5 α̃2f(3f + 5b1) , (B.26)

Ξ̃(0,1)
33 = 2

5 α̃2f
2 , (B.27)

O
[
(r/d)1 (H/k)1] ∼ O

[
(H/k)2]:

Ξ̃(0,2)
00 = 1

3α1α̃2f
2 , (B.28)

Ξ̃(0,2)
22 = −2

3α1α̃2f
2 , (B.29)

Ξ̃(1,1)
01 = 2

15 α̃2f
2(1− 3t)− 2

3 α̃2b1f(t− 1)− 1
3 α̃2b

′
1ft−

1
15 α̃

′
2f(3f + 5b1)(t− 1)

+ 1
15f

′
[
3α̃2f(1− 2t)− 5α̃2b1(t− 1)

]
, (B.30)

Ξ̃(1,1)
21 = 2

15 α̃2f
2(1− 3t) + 2

3 α̃2b1f(t− 1)− 2
3 α̃2b

′
1ft−

2
15 α̃

′
2f(3f + 5b1)(t− 1)

+ 1
15f

′
[
6α̃2f(1− 2t)− 10α̃2b1(t− 1)

]
, (B.31)

Ξ̃(1,1)
23 = 8

35 α̃2f
2(3t− 1) + 6

35

[
α̃′2f

2(t− 1) + α̃2ff
′(2t− 1)

]
, (B.32)

Ξ̃(1,1)
43 = − 8

35 α̃2f
2(3t− 1) + 8

35

[
α̃′2f

2(t− 1) + α̃2ff
′(2t− 1)

]
, (B.33)

O
[
(r/d)2 (H/k)1] ∼ O

[
(r/d)1 (H/k)2] ∼ O

[
(H/k)3]:

Ξ̃(1,2)
10 = 1

3α1α̃2ff
′(2t− 1) + 1

3f
2[α′

1α̃2t+ α1α̃
′
2(t− 1)

]
, (B.34)

Ξ̃(1,2)
12 = −2

5α1α̃2f
2(2t− 1)− 4

15

[
α1α̃

′
2f

2(t− 1) + α′
1α̃2f

2t+ α1α̃2ff
′(2t− 1)

]
, (B.35)

Ξ̃(1,2)
32 = 2

5α1α̃2f
2(2t− 1)− 2

5

[
α1α̃

′
2f

2(t− 1) + α′
1α̃2f

2t+ α1α̃2ff
′(2t− 1)

]
, (B.36)

Ξ̃(2,1)
11 = 9

225 α̃2f

[
f(9t2 − 6t+ 5) + 15b1(t− 1)2

]
− 1

10 α̃2b
′
1ft(3t− 4)− 1

50 α̃
′
2

[
30b′

1ft(t− 1)

− f2(9t− 1)(t− 1) + 3b1f(t− 1)2
]
− 1

450f
′
{
α̃′

2

[
270b1(t− 1)2 + 162f(t− 1)(2t− 1)

]
+ 270α̃2b

′
1t(t− 1) + 9α̃2

[
f(18t2 − 14t+ 1) + 15b1(t− 1)2

]}
− 9

150 α̃2f
′′
[
3f(2t2 − 2t+ 1)

+ 5b1(t− 1)2
]
− 9

150 α̃
′′
2f(3f + 5b1)(t− 1)2 − 3

10 α̃2b
′′
1ft

2 − 9
25 α̃2(f ′)2t(t− 1) , (B.37)

Ξ̃(2,1)
31 = − 9

225 α̃2f

[
f(9t2 − 6t+ 5) + 15b1(t− 1)2

]
+ 2

5 α̃2b
′
1ft(2t− 1) + 1

25 α̃
′
2

[
− 10b′

1ft(t− 1)

+ 4f2(3t− 2)(t− 1) + 20b1f(t− 1)2
]

+ 1
25f

′
{
− α̃′

2

[
10b1(t− 1)2 + 6f(t− 1)(2t− 1)

]
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− 10α̃2b
′
1t(t− 1) + 2α̃2

[
f(12t2 − 11t+ 4) + 10b1(t− 1)2

]}
− 1

25 α̃2f
′′
[
3f(2t2 − 2t+ 1)

+ 5b1(t− 1)2
]
− 1

25 α̃
′′
2f(3f + 5b1)(t− 1)2 − 1

5 α̃2b
′′
1ft

2 − 6
25 α̃2(f ′)2t(t− 1), (B.38)

Ξ̃(2,1)
13 = 2

175 α̃2f
2(24t2 − 16t− 5) + 4

175 α̃
′
2f

2(9t− 1)(t− 1) + 4
175f

′
[
3α̃′

2f(2t− 1)(t− 1)

+ α̃2f(18t2 − 14t+ 1)
]

+ 6
175

[
α̃2ff

′′(2t2 − 2t+ 1) + α̃′′
2f

2(t− 1)2 + 2α̃2(f ′)2t(t− 1)
]
,

(B.39)

Ξ̃(2,1)
33 = − 2

225 α̃2f
2(138t2 − 92t+ 15) + 1

225 α̃
′
2f

2(23t− 7)(t− 1) + 1
225f

′
[
46α̃′

2f(2t− 1)(t− 1)

+ α̃2f(46t2 − 38t+ 7)
]

+ 23
225

[
α̃2ff

′′(2t2 − 2t+ 1) + α̃′′
2f

2(t− 1)2 + 2α̃2(f ′)2t(t− 1)
]
,

(B.40)

Ξ̃(2,1)
53 = 4

63 α̃2f
2(15t2 − 10t+ 3)− 16

63 α̃
′
2f

2(2t− 1)(t− 1) + 8
63f

′
[
α̃′

2f(2t− 1)(t− 1)

− α̃2f(8t2 − 7t+ 2)
]

+ 4
63

[
α̃2ff

′′(2t2 − 2t+ 1) + α̃′′
2f

2(t− 1)2 + 2α̃2(f ′)2t(t− 1), (B.41)

For completeness we give the other O(x2) contributions which are

O
[
(r/d)2 (H/k)2]∼O

[
(H/k)4]:

Ξ̃(2,2)
00 =−1

9α1α̃2f
2+ 1

18α1α̃
′
2f

2(t−1)2+ 1
18α

′
1

[
2α̃′

2f
2t(t−1)+α̃2f

2t2
]

+ 1
18f

′
[
2α′

1α̃2ft(2t−1)+2α1α̃
′
2f(2t−1)(t−1)+α1α̃2f(2t2−2t+1)

]
+ 1

18

[
α1α̃2ff

′′(2t2−2t+1)+α′′
1 α̃2f

2t2+α1α̃
′′
2f

2(t−1)2
]

+ 1
9α1α̃2(f ′)2t(t−1), (B.42)

Ξ̃(2,2)
20 = 1

9α1α̃2f
2− 2

9α1α̃
′
2f

2(t−1)2+ 2
9α

′
1

[
α̃′

2f
2t(t−1)−α̃2f

2t2
]

+ 2
9f

′
[
α′

1α̃2ft(2t−1)+α1α̃
′
2f(t−1)(2t−1)−α1α̃2f(2t2−2t+1)

]
+ 1

9

[
α1α̃2f(f ′′)(2t2−2t+1)+α′′

1 α̃2f
2t2+α1α̃

′′
2f

2(t−1)2
]

+ 2
9α1α̃2(f ′)2t(t−1), (B.43)

Ξ̃(2,2)
02 =− 2

45α1α̃2f
2(3t2−3t−2)− 2

45α1α̃
′
2f

2(4t−1)(t−1)− 2
45α

′
1

[
2α̃′

2f
2t(t−1)+α̃2f

2t(4t−3)
]

− 1
45f

′
[
4α′

1α̃2ft(2t−1)+4α1α̃
′
2f(t−1)(2t−1)+2α1α̃2f(8t2−8t+1)

]
− 2

45

[
2α1α̃2ff

′′(2t2−2t+1)+2α′′
1 α̃2f

2t2+2α1α̃
′′
2f

2(t−1)2
]
− 4

45α1α̃2(f ′)2t(t−1)
]
, (B.44)

Ξ̃(2,2)
22 = 22

693α1α̃2f
2(33t2−33t+8)− 1

63α1α̃
′
2f

2(11t−5)(t−1)− 1
63α

′
1

[
22α̃′

2f
2t(t−1)

+α̃2f
2t(11t−6)

]
− 1

63f
′
[
22α′

1α̃2ft(2t−1)+22α1α̃
′
2f(2t−1)(t−1)+α1α̃2f(22t2−22t+5)

]
− 11

63

[
α1α̃2ff

′′(2t2−2t+1)+α′′
1 α̃2f

2t2+α1α
′′
2f

2(t−1)2
]
− 22

63α1α̃2(f ′)2(t−1), (B.45)
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Ξ̃(2,2)
42 =− 4

35α1α̃2f
2(8t2−8t+3)+ 8

35α1α̃
′
2f

2(3t−2)(t−1)+ 8
35α

′
1

[
α̃2f

2t(3t−1)

−α̃′
2f

2t(t−1)
]

+ 8
35f

′
[
2α1α̃2f(3t2−3t+1)−α1α̃

′
2f(2t−1)(t−1)−α′

1α̃2ft(2t−1)
]

− 4
35

[
α1α̃2ff

′′(2t2−2t+1)+α′′
1 α̃2f

2t2+α1α̃
′′
2f

2(t−1)2
]
− 8

35α1α2(f ′)2t(t−1). (B.46)

C Analysis of the integrals Ip
``′(k, q)

C.1 New derivation of I0
``′(k, q)

Here we give a new derivation of the formulas for I0
``′(k, q), which starts from purely conver-

gent integrals. We begin with

I−2
``′ (k, q) =

∫ ∞
0

dr j`(kr) j`′(qr) . (C.1)

Now, for large r,
lim
r→∞

j`(kr) = cos(kr − π(`+ 1)/2)
kr

, (C.2)

which implies that these integrals will converge absolutely, in contrast to the case with p = 0,
where the integral does not converge.

First, we define

g̃``′(k, q) = π

4k

(
q

k

)`′ Γ [(`+ `′ + 1) /2]
Γ (`′ + 3/2) Γ [1− (`− `′) /2] 2F1

(
`+ `′ + 1

2 ,
`′ − `

2 ; `+ 3
2; q

2

k2

)
,

(C.3)

which is the result Maple gives. However, this misses the full answer for all values of ``′, k, q.
For `− `′ an odd number or zero, we have

I−2
``′ (k, q) = Θ(k − q) g̃`′` (k, q) + Θ(q − k) g̃``′ (q, k) , (C.4)

while for `− `′ even, we have

I−2
``′ (k, q) = Θ(`− `′)Θ(k − q)g̃`′` (k, q) + Θ(`′ − `)Θ(q − k)g̃``′ (q, k) . (C.5)

These formulas work for k = q provided that we use the definition of the step function:

Θ (k − q) =


1 for k > q ,
1/2 for k = q ,
0 for k < q .

(C.6)

The formulas can be converted to elementary functions; for example

I−2
0,0 (k, q) = π

2qΘ(q − k) + π

2kΘ(k − q) , (C.7)

I−2
1,0 (k, q) = (k − q)(q + k)

4qk2 ln q + k

|k − q|
+ 1

2k , (C.8)

I−2
1,1 (k, q) = kπ

6q2 Θ(q − k) + qπ

6k2 Θ(k − q) , (C.9)

– 31 –



J
C
A
P
0
4
(
2
0
2
3
)
0
6
7

I−2
2,0 (k, q) = π(k − q)(q + k)

4k3 Θ(k − q) , (C.10)

I−2
2,1 (k, q) = (k − q)(q + k)

(
k2 + 3q2)

16k3q2 ln q + k

|k − q|
− k2 − 3q2

8qk2 , (C.11)

I−2
2,2 (k, q) = k2π

10q3 Θ(q − k) + q2π

10k3 Θ(k − q) . (C.12)

These are similar in form to I0
``′(k, q), but without the 1/(k− q) singular points. The points

where ln |k− q| causes problems in I0
``′(k, q) always appear as (k− q) ln |k− q| here, which is

well behaved as k → q. So these integrals always converge to finite values.
From these well-behaved non-singular formulas we can derive all Ip``′(k, q) for p ≥ −1,

using the differentiation formulas given in the text. In terms of hypergeometric functions,
these are not particularly helpful, although they are easy to derive (but painful to simplify!).
However, for low values of `, `′ that we are interested in, it is straightforward in terms of
elementary functions:
p = −1 A single derivative of the I−2

``′ (k, q) formulas leaves weak singular points ∼ ln |k−q|.
However, no delta functions appear because in I−2

``′ (k, q) the step functions are either
symmetric in k and q (so that they cancel), or where they appear alone, they are
accompanied by a factor k−q, so that any delta function appears as (k−q)δ(k−q) = 0.
Step functions appear without being multiplied by k − q. We find for the first few:

I−1
0,0 (k, q) = 1

2kq ln k + q

|k − q|
, (C.13)

I−1
1,0 (k, q) = π

2k2 Θ(k − q), (C.14)

I−1
1,1 (k, q) = −

(
k2 + q2)
4k2q2 ln |k − q|

k + q
− 1

2qk , (C.15)

I−1
2,0 (k, q) = 3q

4k3 ln |k − q|(k + q) + 1
4qk ln k + q

|k − q|
+ 3

2k2 , (C.16)

I−1
2,1 (k, q) = qπ

2k3 Θ(k − q), (C.17)

I−1
2,2 (k, q) = −

(
3k4 + 2k2q2 + 3q4)

16k3q3 ln |k − q|
k + q

− 3
(
k2 + q2)
8q2k2 . (C.18)

p = 0 Another derivative implies that ln |k− q| → 1/(k− q) and the lone step functions now
lead to the delta functions given in (3.3).
There are a variety of ways to check that these formulas make sense. For p = −2,−1

we can just evaluate them numerically and check the results against these formulas. Al-
ternatively, for low values of `, `′, we can write

∫∞
0 = limt→∞

∫ t
0 , and perform the integral

analytically.
For p = 0 these integrals are divergent, but we can check numerically that the formulas

make sense for q 6= k. We give examples of simple cases, starting with (`, `′, k, q) = 1, 1, 2, 3,
which is just an example of the closure relation — and thus should give zero. However, this
is in fact not straightforward:∫ ∞

0
j1(2r)j1 (3r) r2dr = lim

t→∞

∫ t

0
j1(2r)j1 (3r) r2dr (C.19)

= lim
t→∞

30t sin t+ 6t sin(5t)− 5 cos t+ 5 cos(5t)
360t = lim

t→∞

30t sin t+ 6t sin(5t) + 5 cos(5t)
360t ,
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which does not converge. However, the mean of this is zero, which is the result of the
closure relation. Trying other values of (`, `′, k, q) the general result works in the same way.
For example, (2, 3, 2, 3) gives numerically 0.07447888703 from the formulas above, so that
numerically the integral does not converge as the upper limit →∞. Rewriting the spherical
Bessel functions in terms of sin and cos and integrating gives a limit which oscillates between
− 913

1440 + 233 ln 5
3456 and 163

288 + 233 ln 5
3456 , with a mean value of 0.07447888703. From a distributional

point of view, the oscillations cancel out, leaving only the mean.
For p ≥ 1 these results can be checked by integrating against a compact function in k, q

to ensure their distributional form is correct. We have checked for small values of |`− `′|+ p
even, where integrals such as∫ ∞

0
dk
∫ ∞

0
dq
∫ ∞

0
dr r2+p j`(kr) j`′(qr) k2q2e−k2−q2

, (C.20)

can be computed analytically by integrating over k and q first and then computing the r in-
tegral. These can then be compared with the same integrals computed with the distributions
calculated here, which indeed agree.

C.2 Integrating the distributions — dealing with the singularities
As we saw by calculating everything from I−2

``′ (k, q), the integrals I
p
``′(k, q) should give mean-

ingful answers for p ≥ 0 even though the integrals themselves are divergent. One way to see
this is to write∫ ∞

0
dq q2−n Pm(q)Ip``′(k, q) =

[
− ∂2

∂k2 −
2
k

∂

∂k
+ `(`+ 1)

k2

]m ∫ ∞
0

dq q2−n Pm(q)Ip−2m
``′ (k, q) .

(C.21)

While the l.h.s. appears to be divergent, by differentiating the integral on the right with
2m = p+2 or 2m = p+1 appropriately we must get a finite answer. Where the integrals give
distributions in the form of delta functions it’s clear what this means. For the other cases
it’s a bit more subtle as a brute force numerical or analytical evaluation will give infinite
answers (this is a key reason for treating the Fourier transforms as formal mathematical
transforms rather than introducing cutoffs in r to try to remain within physical constraints).
We know that all the singular points which are not delta functions come from derivatives of
(k − q) ln |k − q|, which give the singular terms of the form

ln |k − q|, 1
k − q

,
1

(k − q)2 , · · · ,
1

(k − q)p+1 , (C.22)

as we differentiate repeatedly. The first is termed weakly singular, the second singular, and
the higher powers, hyper-singular points. Consequently, what we need to understand is

∂i

∂ki

∫ b

a
dqf(q)(k − q) ln |k − q| =

∫ b

a
dqf(q) ∂

i

∂ki
[(k − q) ln |k − q|] , (C.23)

where we just focus on a region around q = k, so 0 < a < k < b. On the left we have a regular
expression but on the right we have now apparently created an integral with singular points,
which diverges for i > 1 [38]. How do we make sense of this? For i = 1 we can simplify,∫ b

a
dq f(q) ln |k − q| =

∫ b

a
dq [f(q)− f(k)] ln |k − q|+

∫ b

a
dq [f(k)] ln |k − q| (C.24)

= f(k) [(b− k) ln(b− k) + (k − a) ln(k − a) + a− b] +
∫ b

a
dq [f(q)− f(k)] ln |k − q|,
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where the remaining integral converges assuming that f(q) is analytic in the neighbourhood
of k = q. On taking a derivative of this with respect to k we have

∂

∂k

∫ b

a
dq f(q) ln |k − q| =

∫ b

a
dq f(q)− f(k)

k − q
+ f(k) ln k − a

b− k
= −
∫ b

a
dq f(q)

k − q
, (C.25)

where −
∫
represents the Cauchy Principal Value:

−
∫ b

a
dq f(q)

k − q
= lim

ε→0

[∫ k−ε

a
+
∫ b

k+ε

]
dq f(q)

k − q
. (C.26)

That is, a symmetric region about the singular point is removed and the limit taken to zero.
Note all the integrals in (C.25) converge and terms involving f ′(k) cancel. We conclude that
when we write an expression like

∂

∂k

∫ b

a
dq f(q) ln |k − q| =

∫ b

a
dq f(q)

k − q
, (C.27)

swapping the derivative and integral means that we are only taking the principal value of the
integral on the right; instead we should write

∂

∂k

∫ b

a
dq f(q) ln |k − q| = −

∫ b

a
dq f(q)

k − q
. (C.28)

We can take another derivative [39]:

∂2

∂k2

∫ b

a
dq f(q) ln |k − q| = ∂

∂k

[∫ b

a
dq f(q)− f(k)

k − q
+ f(k) ln k − a

b− k

]

= −
∫ b

a
dq f(q)− f(k)− f ′(k)(q − k)

(k − q)2 + f(k)=
∫ b

a
dq 1

(k − q)2 + f ′(k)−
∫ b

a
dq f(q)

k − q

= −
∫ b

a
dq f(q)− f(k)− f ′(k)(k − q)

(k − q)2 + f(k)
[ 1
k − a

+ 1
b− k

]
+ f ′(k) ln k − a

b− k

= =
∫ b

a
dq f(q)

(k − q)2 . (C.29)

Here, the notation =
∫
is the Hadamard finite part of the integral, which generalises the Cauchy

Principal Value to hyper-singular points. For this we delete a small interval around k = q (it
does not have to be symmetric), and take the limit as ε → 0, and we ignore any diverging
terms. Alternatively, following [38],

∂2

∂k2

∫ b

a
dq f(q) ln |k − q| = ∂

∂k

[∫ b

a
dq f(q)− f(k)

k − q
+ f(k) ln k − a

b− k

]

= −−
∫ b

a
dq f(q)− f(k)

(k − q)2 + f(k)=
∫ b

a
dq 1

(k − q)2 = −−
∫ b

a
dq f(q)− f(k)

(k − q)2 + f(k)
[ 1
k − a

+ 1
b− k

]
= =
∫ b

a
dq f(q)

(k − q)2 . (C.30)

These expressions differ only by divergent terms which we can miraculously ignore (see [38]).
In a similar manner we can find the finite part of

=
∫ b

a
dq 1

(k − q)p+1 = (−1)p
p!

∂p

∂kp
−
∫ b

a
dq 1

k − q
. (C.31)
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Numerically we find it straightforward to calculate these integrals using integration by
parts, which naturally returns the finite part. For example,

−
∫ b

a
dq f(q)

k − q
= ∂

∂k

∫ b

a
dq f(q) ln |k − q| =

∫ b

a
dq f(q) ∂

∂k
ln |k − q|

= −
∫ b

a
dq f ′(q) ln |k − q|+ boundary terms. (C.32)

In general, our integrals consist of regular parts plus singular parts and are of the form∫ ∞
0

dq
[
f1(q, k)[ln |k − q| − ln(k + q)] + f2(q, k)

(k − q)p+1

]
. (C.33)

The singularities at k = q can be evaluated by parts, assuming that Pm(q) and its derivatives
vanish sufficiently rapidly at q = 0 and q = ∞. Integrating the last term by parts implies
that the non-regular parts of this integral can be written as∫ ∞

0
dq
[
f1(q, k) ln |k − q|+ f2(q, k)

(k − q)p+1

]
=
∫ ∞

0
dq ln |k − q|

[
f1(q, k) + (−1)p+1

p!
∂p+1f2(q, k)

∂qp+1

]

=
∫ ∞

0
dq (k − q)(1− ln |k − q|)

[
−∂f1(q, k)

∂q
+ (−1)p+1

p!
∂p+2f2(q, k)

∂qp+2

]
, (C.34)

where we integrated by parts to remove the logarithmic singularity. Note that the part of
the integrand containing (k − q)(1− ln |k − q|) is now regular [39]. Therefore we have∫ ∞

0
dq
{
f1(q, k)

[
ln |k − q| − ln(k + q)

]
+ f2(q, k)

(k − q)p+1

}
(C.35)

=
∫ ∞

0
dq
{
−f1(q, k) ln(k + q)− (k − q)(1− ln |k − q|)

[
∂f1(q, k)

∂q
− (−1)p+1

p!
∂p+2f2(q, k)

∂qp+2

]}
.

In reality we are dealing with an integral over the power spectrum with finite limits so the
boundary terms need to be taken into account. In general,∫ b

a
dq
[
f1(q, k)[ln |k − q| − ln(k + q)] + f2(q, k)

(k − q)p+1

]
=
∫ b

a
dq
{
−f1(q, k) ln(k + q) + (k − q)(1− ln |k − q|)

[
−∂f1(q, k)

∂q
+ (−1)p+1

p!
∂p+2f2(q, k)

∂qp+2

]}

+
p−1∑
i=0

(p− (i+ 1))!
p!(q − k)p−i

∂if2(q, k)
∂qi

∣∣∣∣b
q=a

+ (−1)p+1

p! ln |k − q|∂
pf2(q, k)
∂qp

∣∣∣∣b
q=a

+ (k − q)(1− ln |k − q|)
[
−f1(q, k) + (−1)p

p!
∂pf2(q, k)

∂qp

] ∣∣∣∣b
q=a

. (C.36)

C.3 A general formula for
∫∞

0 dr f(r)j`(kr) j`′(qr)
Given an analytic function f(r) on [0,∞) we can derive the general formula:∫ ∞

0
dr f(r)j`(kr) j`′(qr) =

∞∑
n=0

[
− ∂2

∂k2 −
2
k

∂

∂k
+ `(`+ 1)

k2

]n

×
[
f (2n)(0)

(2n)! I
−2
``′ (k, q) + f (2n+1)(0)

(2n+ 1)! I
−1
``′ (k, q)

]
. (C.37)

– 35 –



J
C
A
P
0
4
(
2
0
2
3
)
0
6
7

D Integral formulas for p ≥ 0

Here we tabulate the lowest order integrals in terms of elementary functions required for
calculating multipoles up to ` = 4, to order O(x2).

I0
1,0(k, q) = 1

2qk2 ln k + q

|k − q|
+ 1
k(k − q)(k + q) , (D.1)

I0
2,0(k, q) = 3π

2k3 Θ(k − q)− π

2q2 δ(k − q) , (D.2)

I0
2,1(k, q) = k2 + 3q2

4k3q2 ln k + q

|k − q|
− k2 − 3q2

2k2q(k − q)(k + q) , (D.3)

I0
3,0(k, q) = 3

(
k2 − 5q2)
4k4q

ln k + q

|k − q|
+ 13k2 − 15q2

2k3(k − q)(k + q) , (D.4)

I0
3,1(k, q) = 5πq

2k4 Θ(k − q)− π

2q2 δ(k − q) , (D.5)

I0
4,3(k, q) = 5k6 + 9k4q2 + 15k2q4 + 35q6

32k5q4 ln k + q

|k − q|
− 15k6 + 17k4q2 + 25k2q4 − 105q6

48k4q3(k − q)(k + q) ,

(D.6)

I1
0,0(k, q) = − 2

(k − q)2(k + q)2 , (D.7)

I1
1,0(k, q) = − π

2q2 δ
′(k − q) , (D.8)

I1
1,1(k, q) = 1

2k2q2 ln k + q

|k − q|
− k2 + q2

kq(k + q)2(k − q)2 , (D.9)

I1
2,0(k, q) = 3

2qk3 ln k + q

|k − q|
+ 5k2 − 3q2

k2(k − q)2(k + q)2 , (D.10)

I1
2,1(k, q) = π

2q3 δ(k − q)−
π

2q2 δ
′(k − q) , (D.11)

I1
3,0(k, q) = 15π

2k4 Θ(k − q)− 5π
2q3 δ(k − q) + π

2q2 δ
′(k − q) , (D.12)

I1
3,1(k, q) = 3

(
k2 + 5q2)
4k4q2 ln k + q

|k − q|
− 3k4 − 22k2q2 + 15q4

2k3q(k − q)2(k + q)2 , (D.13)

I1
3,2(k, q) = π

q3 δ(k − q)−
π

2q2 δ
′(k − q) , (D.14)

I1
3,3(k, q) = 3

(
5k4 + 6k2q2 + 5q4)

16k4q4 ln k + q

|k − q|
−
(
k2 + q2) (15k4 − 22k2q2 + 15q4)

8(k + q)2q3k3(k − q)2 , (D.15)

I1
4,0(k, q) = 15

(
k2 − 7q2)
4k5q

ln k + q

|k − q|
+ 81k4 − 190k2q2 + 105q4

2k4(k − q)2(k + q)2 , (D.16)

I1
4,1(k, q) = 35πq

2k5 Θ(k − q)− 4π
q3 δ(k − q) + π

2q2 δ
′(k − q) , (D.17)

I1
4,2(k, q) = 3

(
3k4 + 10k2q2 + 35q4)

16q3k5 ln k + q

|k − q|
− 9k6 + 15k4q2 − 145k2q4 + 105q6

8k4q2(k − q)2(k + q)2 , (D.18)

I1
4,3(k, q) = 3π

2q3 δ(k − q)−
π

2q2 δ
′(k − q) , (D.19)
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I1
4,4(k, q) = 5

(
k2 + q2) (7k4 + 2k2q2 + 7q4)

32k5q5 ln k + q

|k − q|

− 105k8 − 40k6q2 − 34k4q4 − 40k2q6 + 105q8

48q4k4(k − q)2(k + q)2 , (D.20)

I2
0,0(k, q) = − π

2q2 δ
′′(k − q)− π

q3 δ
′(k − q)− π

q4 δ(k − q), (D.21)

I2
1,0(k, q) = − 8k

(k − q)3(k + q)3 , (D.22)

I2
1,1(k, q) = − π

2q2 δ
′′(k − q)− π

q3 δ
′(k − q), (D.23)

I2
2,0(k, q) = π

2q2 δ
′′(k − q)− π

2q3 δ
′(k − q)− π

2q4 δ(k − q), (D.24)

I2
2,1(k, q) = 3

2k3q2 ln k + q

|k − q|
−
(
3k2 − q2) (k2 + 3q2)
qk2(k − q)3(k + q)3 , (D.25)

I2
2,2(k, q) = − π

2q2 δ
′′(k − q)− π

q3 δ
′(k − q) + 2π

q4 δ(k − q), (D.26)

I2
3,0(k, q) = 15

2k4q
ln k + q

|k − q|
+ 33k4 − 40q2k2 + 15q4

k3(k − q)3(k + q)3 , (D.27)

I2
3,1(k, q) = π

2q2 δ
′′(k − q)− 3π

2q3 δ
′(k − q), (D.28)

I2
3,2(k, q) = 3

(
3k2 + 5q2)
4k4q3 ln k + q

|k − q|
− 9k6 − 9k4q2 + 31k2q4 − 15q6

2k3q2(k − q)3(k + q)3 , (D.29)

I2
3,3(k, q) = − π

2q2 δ
′′(k − q)− π

q3 δ
′(k − q) + 5π

q4 δ(k − q), (D.30)

I2
4,0(k, q) = −27π

2q4 δ(k − q) + 4π
q3 δ

′(k − q)− π

2q2 δ
′′(k − q) + 105π

2k5 Θ(k − q), (D.31)

I2
4,1(k, q) = 15

(
k2 + 7q2)
4k5q2 ln k + q

|k − q|
− 15k6 − 191k4q2 + 265k2q4 − 105q6

2qk4(k − q)3(k + q)3 , (D.32)

I2
4,2(k, q) = π

2q2 δ
′′(k − q)− 5π

2q3 δ
′(k − q) + 3π

2q4 δ(k − q), (D.33)

I2
4,3(k, q) = 15

(
3k4 + 6q2k2 + 7q4)

16k5q4 ln k + q

|k − q|

− 45k8 − 30k6q2 − 36k4q4 + 190k2q6 − 105q8

8q3k4(k − q)3(k + q)3 , (D.34)

I2
4,4(k, q) = − π

2q2 δ
′′(k − q)− π

q3 δ
′(k − q) + 9π

q4 δ(k − q). (D.35)
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