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Abstract

In this paper, a mathematical model of Visceral Leishmaniasis is considered. The model incorporates three populations, the
human, the reservoir and the vector host populations. A detailed analysis of the model is presented. This analysis reveals that
the model undergoes a backward bifurcation when the associated reproduction threshold is less than unity. For the case where
the death rate due to VL is negligible, the disease-free equilibrium of the model is shown to be globally-asymptotically stable
if the reproduction number is less than unity. Noticing that the governing model is a system of highly nonlinear differential
equations, its analytical solution is hard to obtain. To this end, a special class of numerical methods, known as the nonstandard
finite difference (NSFD) method is introduced. Then a rigorous theoretical analysis of the proposed numerical method is carried
out. We showed that this method is unconditionally stable. The results obtained by NSFD are compared with other well-known
standard numerical methods such as forward Euler method and the fourth-order Runge—Kutta method. Furthermore, the NSFD
preserves the positivity of the solutions and is more efficient than the standard numerical methods.

(© 2021 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

Leishmaniasis is a vector-borne disease, caused by a protozoan parasite which is transmitted to humans by the
bite of infected female phlebotomine sandflies. There are four main forms of the disease: Visceral Leishmaniasis
(VL, also known as Kala-Azar); Post-Kala-Azar Dermal Leishmaniasis (PKDL); Cutaneous Leishmaniasis (CL);
and Mucocutaneous Leishmaniasis (MCL). In addition to these, Leishmaniasis can be classified as anthroponotic
or zoonotic depending on whether the natural reservoir of the parasite is human or animal [24]. It was indicated
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in [4] that the Leishmaniasis is widely distributed across the tropical, subtropical, and temperate regions in 88
countries, 72 of which are developing. Three hundred fifty million women, men, and children are at risk in widely
scattered areas. An estimated 12 million people suffer from Leishmaniasis, with 500,000 new cases of VL per
year and 1 to 1.5 million new cases of CL per year, with 2.4 million disability-adjusted life-years. While Cutaneous
Leishmaniasis is the most common form of this disease, Visceral Leishmaniasis is the most serious and can be fatal if
untreated.

Mathematical models are known as a powerful tool to describe and investigate the dynamics of such biological
systems. In most cases, these models are described by autonomous systems of nonlinear ordinary differential
equations. For instance, mathematical models for VL in [5,10,15,25], are developed with systems of nonlinear
ordinary differential equations. Existing mathematical models of VL suggest that treatment is a key parameter in the
control of the disease among the human population [10]. Vaccination also contribute in the control of the disease [5].
As the author in [5] pointed out, the mass treatment alone cannot control the outbreak of VL disease. To eradicate
the disease from the community, high rate of human treatment should be accompanied by vector control strategies
as suggested by Elmojtaba et al. [10]. In the case of zoonotic VL, different models revealed that controlling sandfly
population is the most effective strategy but not culling dogs [15,25].

Such systems are not always easy to solve analytically and are often studied through robust numerical methods.
Well known numerical methods such as Euler and Runge—Kutta sometimes fail because they generate oscillations,
bifurcations, chaos and false steady states (see [8,13]). As a result we need to construct a more reliable solver that
does not suffer through such drawbacks. To this end, we design a nonstandard finite difference schemes based on
the properties and nature of the differential equation. Readers may note that NSFD schemes are originally designed
and explored for numerous mathematical models as indicated in the pioneering works of Mickens [18,19] and two
survey articles of one of the authors of this paper [21,22].

The NSFD schemes are used to solve many biological problems. Standard numerical methods such as Euler
and Runge—Kutta methods are usually applied for the comparison with many of NSFD schemes models [2,3,12,
16,20,23]. In models [2,20] the matlab solvers are also applied for comparison purposes. It was noticed by these
researchers that standard methods like those mentioned above often fail to reflect some essential qualitative features,
such as, positivity and invariance of a solution, backward bifurcation, convergence to the correct equilibrium for
relatively large step-sizes, etc., as stated in [12]. The author in [16] also mentioned that such methods produce bad
approximations when simulating the model for large time step-sizes. However, the NSFD schemes are more efficient
and usually preserve essential properties of the continuous model [16]. Arenas et al. [2] showed the effectiveness
of their proposed NSFD scheme. Furthermore, the NSFD schemes are stable in larger region than some other
contemporary methods [23]. This approach has also been applied to mathematical models of vector borne diseases,
such as, Dengue and Malaria. However, to the best of our knowledge the NSFD schemes are yet to be explored for
VL disease model.

In this paper, we develop a nonstandard finite difference scheme to obtain numerical solution of a VL disease
model. The continuous model that we considered is based on transmission of VL disease between three different
populations, human host population, reservoir host population and vector host population. This model is represented
by a system of eight ordinary differential equations [10]. To our knowledge this is the first NSFD scheme applied to
this model. The construction of the scheme is based on some nonlocal approximation for the nonlinear terms with
the aim of obtaining positive approximations. A brief overview on different descriptions of these methods along
with extensive account of works on these NSFD methods can be found in [21,22].

The rest of this paper is organized as follows: In Section 2, the mathematical model developed in [10] is presented
along with its detailed stability analysis. In Section 3, we design and analyze a novel NSFD scheme. Using this
scheme, extensive numerical simulations are carried out and results are presented in Section 4. Finally, in Section 5,
we present some discussions on these results and draw relevant conclusions.

172



EM. Adamu, K.C. Patidar and A. Ramanantoanina

Table 1

State variables used in the system (2.1).

Variable

Definition

Su(t)
Iy (1)
Py (1)
Ru(t)
Nu(t)
Sr(t)
IR(1)
Ngr(t)
Sy (1)
Iy (t)
Ny ()

Susceptible population, individuals who have never encountered Visceral Leishmaniasis
Individuals infected with Visceral Leishmaniasis

Individuals who develop PKDL after treatment of Visceral Leishmaniasis
Individuals who are recovered and have permanent immunity

Human host population

Susceptible reservoir

Infected reservoir

Reservoir host population

Susceptible sandflies, vectors which are susceptible for the disease
Infected sandflies

Vector population.

2. Mathematical model
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The model to be considered in this study is that of the dynamics of Visceral Leishmaniasis in the Sudan [10]. It

consists of the following system of equations

S
Sy = A —ably 7~ — S,

S
I, = ably =2 — (@, + 8 + ),
Ny

Py =0 —o0)aly — (2 + B+ pn) Py,
Ry =oaily + (2 + B)Py — un Ry,

, S

Sk = Ag —devN—R — s Sk,

, S

A =avaN—R — wolg,

/ Iy

SV = AV —acSVN— —acSVN— —acSvN— - /,LUSV,

, IH PH IR
I, = acSvN— +acSVN— +acSVN— — Uyly,

Py Ig

H R

H R

@2.1)

where all state variables in the above system and their definitions are presented in Table 1 whereas the meanings

and values of the parameters used in this system are presented in Table 2.
It was assumed in [10] that Ay = b,Ny, Ap = b,Ng and Ay = b,Ny are the recruitment rates of human,

reservoir and vector, where by, b, and b, are the rate for natural birth of human, reservoir and vector population,

respectively. The total populations in each population group are given by Ny(t) = Sy() + Ix(t) + Py(t) +
Ry (t), Nr(t) = Sg(t) + Ig(t) and Ny (t) = Sy (t) + Iy(t). These along with (2.1) lead to

Ny = (by — un)Ny — 814,

N;e = (br - /J/r)NR’
N(/ = (bv _Mv)NV~

The subscripts H, R and V refer to the population of human, reservoir and vector respectively.

Now we scale the system (2.1) as

S

Sp = 1
Ny’

h —

Py Ry Sr . I Sy Iy

ph=_’rh=_7sr=_alr=_7sv=_’ andiv=_~

Ny Nu Ng
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Table 2

Parameters used in the system (2.2), their interpretation and values.
Parameter Interpretation Value
by, Natural birth rate of human 0.0015875 day_]
b, Natural birth rate of reservoir host population 0.073 day ™!
b, Natural birth rate of vector 0.299 day~!
a Biting rate of sandflies 0.2856 day ™!
b Progression rate of VL in sandfly 0.22 day™!
c Progression rate of VL in human and reservoir 0.0714 day~!
o] Treatment rate of VL 0.9 day_l
1—0 Developing PKDL rate after treatment 0.36 day™!
o Recovery rate from VL infection after treatment 0.64 day™!
B Death rate due to VL 0.011 day™!
) PKDL recovery rate without treatment 0.00556 day~!
B PKDL recovery rate after treatment 0.033 day~".
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N . N . .
Also let m = v be the female vector-human ratio and n = v be the female vector-reservoir ratio; both of

which are considgred as constants [10]. Then (2.1) reduces to the é)llowing equivalent system

s, = by, — (abmi, + by, — 8iy)s,
ij, = abmiysy — (o1 + 8 + by — 8ip)in,
p, =0 —o)iy — (a2 + B+ by — 8in)p,

!

!/

i, = abni,s, — b,i,,

!
!
s, = by — (acip + acpy + aci, + by)s,,
/
v

i, = acips, + acpps, + aci,s, — byi,.

ry =oaiy + (a2 + B)pn — (b — Sip)ry,
s. = b, —abni,s, — b,s,,

2.2)

All parameters in the above system, their interpretations and appropriate values are presented in Table 2. Most of
the parameters values were obtained from the literature, namely from [10] and the references therein. The value of

the biting rate was made varying to explore the biting rates to promote the extinction of the disease.

For the model represented by system (2.2), we have

Theorem 2.1. The set

I = {(sn iny Prs s Sev i Soy 1) € RS 00 < sy, in, poray Sp+in+ pr+ry < 15

Ofsrsirysr'i_irf ];Ofsvvivvsv—i_ivf 1}1

is positively invariant.

Proof. Adding the equations of system (2.2) we obtain

d . . .
E(Sh +ip+ pp + 1) = (b — 8ip)A — (s, +ip + pp +11))
< by(1 = (sp +in+ pn+11).

It follows that

sntin+ pr+rin < 1 —e (1= (54(0) + in(0) + pa(0) + r(0))),

where s,(0), i,(0), p,(0) and r,(0) represent the initial values of the susceptible, infected, post kalazar and recovered

human populations respectively. Thus lim,_, oo sSup(s, +ip + pp +rn) < 1.

For the reservoir population

57(8" + i) = b (1 = (s +ir)).
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It follows that

sr+ir =1—e "1 = (5:(0) +ir(0))),
where s,(0) and i.(0) represent the initial values of the susceptible and infected reservoir populations, respectively.
Thus 1i+m sup(s, +i,) < L.

—>+00

Similarly for the vector population

d
E(sv +1y) = by (1 — (s + 1y)).
It follows that
s+ iy =1 — e (1 = (5,(0) + i, (0))),

where 5,(0) and i,(0) represent the initial values of the susceptible and infected vector populations respectively.
Thus ligl sup(s, + i) < 1. It implies respectively that the region
—>—+00

I = {(Sh,lh, ph,rh»srslr,svslv) €R+ 'Ofshvlhv Ph,rh,sh+1h+ph +rh =< ]’
Ofsrair’sr‘i'ir 5 l;OisvaiU’sv+iU S 1}5

is a positively invariant set for system (2.2).
The disease free equilibrium (DFE) of the system (2.2) is obtained by setting the right-hand sides of the equations
in (2.2) to zero, and is given by Ey = (1,0,0,0, 1,0, 1, 0).

2.1. The basic reproduction number

Definition 2.2. The basic reproduction number [9], denoted by Ry, is the expected number of secondary cases
produced, in a completely susceptible population, by a typical infective individual. If Ry < 1, then an infected
individual produces, on average, less than one new infected individual over the course of its infectious period, and
hence the infection cannot grow. On the other hand, if Ry > 1, then each infected individual produces, on average,
more than one new infection, and the disease can invade the population.

The basic reproduction number, Ry, for the system (2.2) is investigated by using the next generation matrix
approach [9]. The matrices F (for the new infection terms) and V (for the remaining transition terms) evaluated at
DFE are given by

0 0 0 abm a) + 8+ by, 0 0 0
1o o 0o o0 | —( =)y @y +B+b, 0 0
F=1 0o 0 o apn | V= 0 0 b, 0
ac ac ac 0 0 0 0 b,

The spectral radius, p, of the matrix FV~! (known as the next generation matrix) is the basic reproduction number,
Ro, given by

2.3)
b.by(a1 + 8+ bp)azr + B+ by)

The above R determines the local stability of the DFE through

» Jmmmm&n+ﬁ+m+a—omo+MMm+s+mmn+ﬂ+mn
0 — .

Lemma 2.3. The disease free equilibrium is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

The global stability of DFE is established through a result in [6]. This is done as follows. Firstly, the system
(2.2) can be rewritten in the following form

dx

— =F(X, 2),

jé (2.4)
= G(X. 2) with G(X,0) =0,
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where X € R” denotes the number of uninfected individuals and Z € R"” denotes the number of infected individuals
including latent, infectious, etc. Let Uy = (Xj, 0) denote the disease free equilibrium of the system (2.4). Then
consider the following two assumptions

dX
(H,) For Fri F(X,0), Xy is globally asymptotically stable.

(H)) G(X,Z) = AZ—-G(X,Z),G(X, Z) > 0 for (X, Z) € T, where A = D;G(X, 0), the off diagonal elements
of A are nonnegative, and I" is the feasible region.

If system (2.4) satisfies the above two conditions, then the following theorem holds.

Theorem 2.4 (/6]). The disease free equilibrium Uy = (Xo, 0) is globally asymptotically stable equilibrium of
system (2.4) if Ry < 1 provided that the assumptions (H\) and (H,) are satisfied.

The following result ensures the global stability of the disease free equilibrium Ey when Ry < 1.

Theorem 2.5. The disease free equilibrium E of the system (2.2) is globally asymptotically stable if Ry < 1 and
5 =0.

Proof. Considering X = (sy, 4, 8y, u)7 and Z = (i, pp, iy, i,)7, and comparing system (2.2) with system (2.4),
we have

bh - (abmiv + b/, - Sih)sh
oaiip + (@2 + B)pn — (b, — 8ip)ry

F(X,2)= b, — abni,s, — b,s,
b, — (aciy + acpy, + aci, + by)s,
and
abmiys, — (o) + 8 + by — 8ip)ip
G(X. Z) = (1 —o)ayip — (o + B+ by — Sin)pn

abni,s, — b,i,
aciysy + acpysy + aci, s, — byi,

The disease free equilibrium of the system (2.2) is Uy = Ey = (Xo, 0) with Xy = (1,0, 1, 1). Hence,
(Hy) i F (X, 0) is equivalent to the system of equations

sy, = by — bysy = by(1 — sy,
r, = —byry,

=b, —bs, = b.(1 —s,),
= by — bysy = by(1 — ).

2.5)

Integrating (2.5) and using the initial conditions as (1, 0, 1, 1), we obtain s, = l—e bnt pp =0,s, = 1—e b
and s, = 1 — e~ b, Clearly as t — oo,s, — 1,r, — 0,5, — 1 and s, — 1. Hence X is globally

dX
asymptotically stable for o= F(X,0)as X — X, when t — oo.

Now
—(o; +6+by) 0 0 abm in
_ (1 —=o0)oy —(w2+B+by) O 0 pe | _ A
(Hy) G(X, 2) = 0 K b oam || XD

ac ac ac —b, iy

where
abmiv(l - S/,) - (Sihih

G(X.Z) = —8inpn

abni,(1 —s,)
ac(ip + pp +i,)(1 —sy)

Since s, < 1,5, < 1,5, < 1 and if § = 0 then G(X, Z) > 0.
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Thus, if g < 1 and § = 0, then the disease free equilibrium E, of system (2.2) is globally asymptotically
stable. [J

Remark 2.6. If § # 0O, then it will violate the non-negativity of G(X , Z) and therefore E( may or may not be
globally stable. This indicates the possibility for the existence of endemic equilibria when Ry < 1.

Theorem 2.7. The system (2.2) exhibits backward bifurcation at Ry = 1 whenever the bifurcation coefficient, a,
given by Eq. (2.11), is positive.

Proof. Consider system (2.2) and set s, = xy, i, = X2, pp = X3, I'y = X4, Sy = X5, Iy = Xg, Sy = X7, and i, = xg.
Using the vector notation X = (x1, x2, X3, X4, X5, X6, X7, xg)T system (2.2) can be written in the form

ax ,
o (fis fos 3o Jas f55 fou 1, SR)
i.e.,

X = by — (abmxg + by — 8x2)x1,

x5 = abmxgxy — (a1 + 8 + by, — 8x2)x2,

Xy =1 = o)oxy — (a2 + B + by, — 3x2)x3,
xf‘ =oaix; + (a2 + B)x3 — (b — 6x2)x4, (2.6)
x5 = b, — abnxgxs — byxs,
x¢ = abnxgxs — by xe,

X5 = b, — (acxy + acxs + acxe + by)x7,

xé = acxyx7 + acxzx7 + acxgxy — byxg.
Consider the case when Ry = 1. Suppose further that b = b* is chosen as a bifurcation parameter. Solving for
b =b* from Ry = 1 in (2.3) gives

« byby(a1 + 8 + bp)(oz + B + by)

b=b"= a’c(mb,(ay + B + by + (1 — o)) +nlar + 8 + by)(aa + B+ by))|

The Jacobian of the system (2.6), evaluated at the DFE E, with b = b* (denoted by J*), is given by

—by, 8 0 0 0 0 0 —ab*m
0 —(a1+d6+0by) 0 0 0 0 0 ab*m
0 (1 —o0)ay —(y+B8+by) O 0 0 0 0
T = 0 o o+ B —b, O 0 0 0
- 0 0 0 0 —b, 0 0 —ab*n
0 0 0 0 0 —b, 0 ab*n
0 —ac —ac 0 0 —ac -b, 0
0 ac ac 0 0 ac 0 —b,

The Jacobian (J*) of the linearized system has a simple zero eigenvalue (with all other eigenvalues having negative
real part). Hence, the center manifold theory [7,9] can be used to analyze the dynamics of the system (2.6). In
particular, a theorem in [7], reproduced below for convenience, will be used.

Theorem 2.8 ([7]). Consider the following general system of ordinary differential equations with a parameter ¢

fz_f =fG.¢).  fR'xR—>R' and feC®R xR). @7
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Without loss of generality, it is assumed that 0 is an equilibrium for system (2.7) for all values of the parameter ¢,
(i.e., f(0,¢) =0 for all ¢). Assume
of;
A : A= D,f(0,0) = ai, 0, 0> is the linearized matrix of system (2.7) around the equilibrium 0 with ¢
X

N . . .
evaluated at 0. Zero is a simple eigenvalue of A and all other eigenvalues of A have negative real parts;
Ay : The matrix A has a nonnegative right eigenvector w and a left eigenvector v corresponding to the zero

eigenvalue.

Let fi be the kth component of f and

> vw; Gl -0, 0),

Wi
— 0x;0x;
kl]*l
CS_ZUkwl (O 0)
k,i=1 l

The local dynamics of system (2.7) around O are totally determined by the values of a.; and b.s as follows:

(i) When ac; > 0,bes > 0: ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable and there exists a positive
unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a negative and locally asymptotically
stable equilibrium.

(ii) When azy < 0,bes < 0: ¢ < 0 with |¢| < 1, 0 is unstable; when 0 < ¢ K 1, 0 is locally asymptotically
stable, and there exists a positive unstable equilibrium;

(iii) When aqs > 0,b.s < 0: ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically stable
negative equilibrium; when 0 < ¢ < 1, 0 is stable, and a positive unstable equilibrium appears;

(iv) When a,; < 0, b > 0: ¢ changes from negative to positive, 0 changes its stability from stable to unstable.
Correspondingly a negative unstable equilibrium becomes positive and locally asymptotically stable.
Particularly, if a.; > 0 and b.; > 0, then a backward bifurcation occurs at ¢ = 0.

Eigenvectors of J* |,_,«: For the case when Ry = 1, it can be shown that J* has a right eigenvector
(corresponding to the zero eigenvalue), given by w = [wy, wa, w3, wa, Ws, we, W7, ws]”, where
—ab*m(ay + by)

Wy = ———————wg,
bu(ay + 8 + by)

ab*m
Wy = ——— Ws,
o +8+ by
b*m(1 — o)a,
w3 = ws,

(a1 + 8 + bp)(az + B + by)
b*may(cy + B + 5by)

wy = wg,
T bnlar + S+ b+ B+ by) (2.8)
—ab*n
w5 = b, wg,
ab*n
We = br wg,
w7 = —ws,
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Similarly, the components of the left eigenvector of J* (corresponding to the zero eigenvalue), denoted by v =
[vi, v2, v3, V4, Vs, Vg, V7, 3]" are given by

v =0,
N G + by + (1 — o))
2T S b by
ac
V3 = — g,
Tt Btby,
Vg4 = O, (29)
vs =0,
ac
U6 - ZUS,
v7 =0,
vg =vg and wvg > 0.

For the transformed system (2.6), the associated non-zero partial derivative of f (evaluated at the DFE Ej) is given
by

9% f> 3% fa . 0% fs 3% f3 3% f3 3% fo 3% fe .
= =ab*m, — = 24, = =94, = =ab*n,
dxgdx;  0x10xg ax3 0x30Xx;  0x20x3 dxgdxs  0x50xg
(2.10)
39 fs 3% fs 3% fs 3% f> 3% fo
= = =ac, =am, =dan.
3)673)62 SX78)C3 8x78x6 8x88b* 3X88b*
Using the expressions in (2.8)—(2.10), it follows that
8
3 fi
es = Z v 5= (0,0)
k,i,j=1
( 8(ab*m)* (1 — o) Sab*m)*(ar + B + by + (1 — o)ay)
(a1 + 84 by)3 (2 + B+ by)? (a1 + 84 byp)* (a2 + B+ by)
_(ab*m)’ (a1 + by + B+ by + (1 — o))  (ab*n)*  ab*m
bp(ay + 8 + byp)* (a2 + B + by) b? ai+38+by
b*m(1 — b*

_ ab™m(l — oo _a ”)Ugwg 2.11)

(a1 + 68+ bp)az + B+ by) b,
and
i 0% fi
bes = PP
: Z v g o 0 0)
k,i=1
gives

bes = a(vam + vgn)wg > 0.

Note that the coefficient b, is positive, hence, it follows that the system (2.2) (or its transformed equivalent (2.6))
will undergo backward bifurcation if the coefficient a.y, given by (2.11), is positive. [

The phenomenon of backward bifurcation in the system (2.2) can be removed if the death rate due to VL is
negligible (i.e., § = 0) as in the case of VL submodel of the co-infection model [14]. When substituted § = 0 in
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the bifurcation coefficient a.y, given by (2.11) it is clear that a.; < 0 and b.; remains positive. Hence, the system
(2.2) with 6 = 0 does not undergo backward bifurcation.

Theorem 2.9. The endemic equilibrium is locally asymptotically stable whenever it exists for Ry > 1.

Proof. We use the center manifold theory [7,9] to obtain the local asymptotic stability of the endemic equilibrium.
In particular, Theorem 2.8 from [7] will be used.

It can be shown that O is a simple eigenvalue of the linearization matrix, J*, of system (2.2) around the DFE
when b = b*. Hence, Theorem 2.9 can be used to analyze the dynamics of system (2.6) near b = b*. In particular,
it will be used to show local asymptotic stability of the endemic equilibrium of system (2.6) (which is the same as
the endemic equilibrium of system (2.2)), for b near b*.

From the above it is clear that b,; > 0 and a.; < 0 whenever Ry > 1. So by item (iv) of Theorem 2.8, the
endemic equilibrium is locally asymptotically stable whenever it exists for Ry > 1.

In next section, we design and analyze a novel numerical method to solve the system (2.2).

3. Construction of NSFD scheme

In this section, we construct a nonstandard finite difference scheme to simulate the system (2.2). The main aim
of the scheme is to obtain dynamically consistent numerical results and to ensure the positivity of the variables
representing the subpopulations s;,(?), i, (t), pn(t), ri(t), s,(2), i,(t), s,(¢) and i,(¢).

The basic terminology, including modeling rules regarding the constructions of these schemes is presented in the
pioneering work of Mickens [1,18,19]. Subsequent illustrations of these rules as well as extensive review on the
works that used these methods are presented in two long survey articles of Patidar [21,22].

To begin with the construction of the method for the model considered in this paper, let us denote by s,’j , 1 ,’f , p}j ,
rf, sk, ik, sk and i* the approximations of s,(kl), in(kl), pp(kl), ry(kl), s,(kl), i,(k), s,(kl) and i,(kl), respectively,
for k =0,1,2,3,..., and / the time-step of the scheme. The sequences sf, i’g, pl,j, r}’f, sf, if, sl’f and il’f should be
nonnegative in order to be consistent with the biological nature of the model [17]. The numerical scheme to solve

system (2.2) is therefore constructed with the aim of obtaining positive approximations as follows

k+1 k
sy —8
% = by, — abmi*sf ™ — bysk T 4 8ik sk,
Lk
—1i
1 k41 1
% = abmzk k+ — (a1 + 8)12"" bh1k+ + 61h no
k+1 k
Py —Pn 1 kL gy kL gikok
B — = (1 — o)aif — (a2 + B)p) WPy 00, Py,
f]:-H r,’f -k k+1
LM — sayif + (ar + B)pf — bury T+ Sy,
I
(3.1
k+1 k
S TS k k1 k+1
= b, —abniys;" —b,s,"",
l'k+1 _ l'k
o —abmk k+l —b if+l,
l
k+1 k
v Sy _ b -k kg gkl _ g okl
l — Uy — ac(lh + ph + lr )Sv - vsv 5
ik+1 _ ik
e k | cky k1 k1
% =ac(iy + p, +i)sit = byitth.
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After rearranging (3.1) we obtain the following explicit scheme

S s;f + by, —i—l&';fsf
T+ labmik + 1By’

a1 K labmiks T+ 181k
l = B

h 1+ () + 8 + by)
pkﬂ B p’/: +1I(1 — a)oe]i;l‘ + lSiﬁp,’i

g L+la+B+by)
e rk +loayif + 1(ay + B)pk + 18ikrk

b= 1 + by, ’

(3.2)

shtl — Sf + 1D,

" 1+labni* +1b,’

ka1 iF 4 labnifskt!

l = —7

r 14 1b,

kel s’U‘ +1b,

v L+ lac(iy + pj +if) + b,

e _ ik +lacGl + pf + ik)skH!

v 14 1b,

It is clear from (3.2) above that if the initial conditions s;(0), i,(0), px(0), r4(0), s.(0), i,(0), s,(0) and i,(0) are
non-negative, then the right hand side of Eqs. (3.2) admit no negative terms for any k. This implies the positivity

of the solution for the NSFD method given by (3.2).
The following result will be used to show the stability of the fixed points of (3.2).

Theorem 3.1. Consider the nonlinear system X,11 = ¥(X,), where ¥ : R" — R", is a C'-diffeomorphism with a
fixed point, Xo. Then a steady-state equilibrium, X, is locally asymptotically stable if and only if the moduli of all

eigenvalues of the Jacobian matrix, J(X,), are smaller than one.

Proof. The reader is referred to [11] for the proof of Theorem 3.1.
Let us consider Xy, to be the fixed point of the system (3.2), i.e., Xo = (54, in, Dhs>Thy Srs ir, 8y, 1y). This is

obtained by solving

§h = fl(§hs iha ﬁhs flu §r’ ir’ §U1 iv),
ih - f2(§hv ih» ﬁh7 fh’ §r» il"v §v7 iv)y
Pn = f3Gns ins Prs Ty Srs 17, Sy i),
;h = f4(§h5 iha ﬁha fh? §r7 l.ra §Ua iv)a

(3.3)
§r = f5(§h7 iha pAhafha§r9ir7§U7 iv)»
ir = f6(§h5 iha ﬁh9 fhy §r’ ira §v’ iU)’

S = f1n, in, Py Thy ey irs Sy, By),

iu = fS(Shs ihv Phs Ths Srs irv Sv, iv)7
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where

§n + by, + 181,58,

1 + labmi, + Ib),

in + labmiy$y, + 18i4iy

14+ 1(ay + 8+ Dy)

Pn+1(1 — o)ariy + 18in pa
14Uy + B+ by)

Pn+ loariy + oo + B)pn + 18inFy

1+ 1Dy ’

fl(&\hs ihv ﬁhv fh» §r7 irs §v» lv) =

f2(§hs in, ﬁh» f/’u §ra i, §vv lv) =

S3Gh, ins Phs Phs Sry dry Sy, Iy) =

s

FaGhs iy Phs Py Srv s S, 1) =
§ +1b,
1 + labni, + Ib,
i, + labni,s,
BT
§, + b,
1+ lac(y + pu +i,) + b,
iy + lac(in + pn + 1,8,

f5(§ha in, ﬁh» f/’tv §ra ir, §U7 lv) =

f6(§hs ih7 ﬁ/u fhy §r7 ire §U9 lu) =

3

f7(§ha iha ﬁh» ;/’lv §ra ira §v7 lv) -

f8(§hs in, ﬁh» ;/17 §ra i, §v» lv) =

1+ 1b,
In the above system, iffhzo,ﬁh:O,f,:O,fv:O, and given that f;(Xo) = Xo,i = 1,2,...,8, then
~  Sn+lby . A
:—:> lblz lb :1’
Sh 1+ b, Sy + Splby Sp + 1bp = )
o= b Fulby = Fy = By = 0
rh_1+lbh 'n = rplbp =71} rhn =V,
S +1b. .. A A
G = O s L Sb =8 41k =5 = 1,
1+1b,
So +1by, . - P
§v:s + =5, +8!b, =5, +1b, = 5§, =1.
1+1b,

Thus the disease free equilibrium is unique and is given by Ey = (1,0, 0,0, 1,0, 1, 0).

34

Remark 3.2. The continuous system (2.2) and the discrete system (3.2) have the same disease free equilibrium.

Equations of system (3.3) are nonlinear in §j, fh, s, and §,, and hence explicit solutions are difficult to find.

We therefore solve the system (3.3) numerically to obtain the endemic fixed point.

The Jacobian matrix of (3.2) at the disease free equilibrium is given by

ayn  an 0 0 0 0 0 ag
0 ann 0 0 0 0 0 ang
0 daszpy dszj 0 0 0 0 0
_ 0 agp aAg3z  dag 0 0 0 0
JEI=1 "0 0 0 0 ass 0 0 as |’
0 0 0 0 0 ags O aes
0 apn az 0 0 ap a;p O
0 agp agz 0 0 ag O ag
where
1 16 —labm 1
all = —’ alz = —7 a18 = —7 azz = 9
1+lbh 1+lbh ]+lbh 1+Z(C¥1+5+bh)
labm 11— o)y 1
ang asp ass

T Il +o+by) T 14l +Bt+bn
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loa (o + B) 1 1 —labn
Ay =——, dpny=——", ayu=———, d55=——, d58= ————,
YT 1%, P 141, YT ax, T 1+ YT 141b,
1 labn —lac —lac —lac
age = ———, deg = ———, dap = , A= ———, a7 = ,
=T T v, TP A+, P T i+ib, T 1+1b,
1 lac lac lac 1
aypp=——, agp=——, dadg3=—, dgg= ———, dgg = ——.
T, T v, P T 11, T 1w, BT 110,
The characteristic equation associated with the above matrix is |J(Eog) — AI| = 0, which can be simplified as

(a1 — AM)ass — A)(ass — AM)(az; — ML) = 0, where
4 3
@A) = A" + (—agg — ass — a3z — ax)A” + (axnas; + axnaes + axagy — agasy + azzdss + azasg
2
+ ageagg — aegdss) " + (—axnas3ass — a22033088 — (22066088 + (22068086 — 28032083
+ azgazzagy + argaesdsy — a33aseasy + A33063086)A + (Aggleeds3dr — A22a33063086
+ axgazraesags — a3a33066a32).

We need to show that each eigenvalue A; satisfies |X;| < 1. Since lb, > 0, Ib, > 0, [lb, > 0, it is clear that

1
M=a1=———<1, A =au = < 1,A3 =as5 = <1, =an = < 1, for eve
LA T, 2T T D, ST T, A T, Y
values of the step length [ > 0.
Now consider ¢(1) = A+ ai A3 4+ aA? + azh + ag where ay, ..., aq are the corresponding coefficients of ¢(A)
above.

For the polynomial ¢(), let by = 1 — aﬁ, by = ay — agaz, by = ar — asa, by = az — asay;
Ccy = bﬁ —b%, ¢3 = bybs —b1by, ¢y = bsby — b1 b3. The Jury conditions, which ensure that the roots of the polynomial
(1) have magnitudes less than one, are (1) > 0, o(—1) > 0, |a4| < 1, |b4| > |b1], |ca| > |c2].
The first condition ¢(1) = 1+ a; + a» + a3 + a4 implies that
_ 1 40 2
(1) = (I"(a“bcmob,ay
(O +1by +lay + 1)BL + 1by + Ll + 1)UL, + 1)(Ub, + 1))
+ B&b,b, + Bbyb,b, + Bb, b,y + 3byb, b, + b, b,ar + bzbrbv + byb,byoy + byb,byo
+ b, byai0r — azb,BC(Sn — azbﬁcmb, — azbﬁcnbh — azbﬂcnal

— azbcénbh — azbcénaz — azbcmbhb, — azbcmb,al — azbcmb,az — azbcnbﬁ

— azbcnbhal — azbcnbhaz — azbcnalaz)).
After some simplifications, we obtain
(1) = I*byby(ay + 8 + by)(az + B+ bp)(1 — RY)
= 1)1 + )+ 11 + 8 + ba)(L+ L(as + B+ bn)

It is clear that ¢(1) > 0 when Ry < 1.
Now the second condition ¢(—1) = 1 — a; + a, — az + a4 implies that
o(—1) = ! (a®bel*mab,a;
(I +1b)A +1b)A +1(8 + by +a)(A + (B + by, + a2))
+a’bBcdl*n + a*bBcl*mb, + a*bBcl*nb, + a*bBcl*na; + a*bedl*nb,
+a2bc<314not2 + azbcl4mbhb, — azbcl4mb,a1 + a2b0l4mb,oz2 + azbcl4nb;2l
+ a’bel*nbya; + a’bel*nbyay + a’bel*nayay + 2a’belPmoay + ZazbﬂCISm
+ 2a2b/3c13n + 2a%bcdPn + 2a%belPmby, + 2a*belPmb, — 2a*belPmay + 2a*bclPmas
+4a*belPnby + 2a*belPnay + 2a*belPnoy — B8I*b.b, — BI*byb.b, — BI*b, by
— 81*byb,b, — 81*b,byaty — I*bib.by, — I*byb,byay — I*byb,byay — 1*b, by
+4a’bel’m + 4a*bel*n — 28813b, — 2B81°b, — 2B1Pbyb, — 2B1°byb, — 2B13b, b,
—2Bb, oy — 2Bbyay — 2813byb, — 2813byby, — 281°b, by, — 281°b,ay
—281°b,ap — 21°bib, — 21°bib, — 4°byb, b, — 21°bybyay — 21°b, a0 — 21°bybyas
—23bbyay — 2Pbybyoy — 213b,byory — 203b,byos — 213byaon — 4881 — 4817y,
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—4B1%b, — 4B1%b, — 4B1Pa; — 481Dy, — 481°b, — 481°b, — 481%ay — 4%b]
— 81%byb, — 81%byb, — by — APbyas — 41%b,by — A1%byay — 41%bray — 4P byay
— 4Pbyoy — Aoy — 881 — 881 — 161by, — 81b, — 81b, — 8la; — 8la, — 16),

which upon simplification leads to
1
T (U + b)) +1b,)(A + ey + 8 + b)) + L(ez + B + by))
(o1 + 8 + bp)l + 2)((o2 + B + bl + 2) + Pa’bemay (1 — 0)(2 + 1b,) — abel?
(a1 + 8 + bp)n + mb,)l +2m + 2n)((2 + B + b))l + 2)).

(=1 (2 +1bu)2 +[by))

It is hard to retrieve what above right hand sides will give us for ¢(—1) but some simulations show that its value
is always positive when Ry < 1.
The third condition requires us to show that |a4| < 1, which is equivalent to 1 — af > (. Hence, let us consider
(1 + a*bel*(mo (1 — o)l — (m + n)))?
(1 + Ly + B+ b)) + Ly + 8 4 by))(1 + 1b,)(1 + 1b,))*’

which is positive when

14 a*belP(may(1 — o)l — (m +n)) < (14 Loy + B+ bp))(1 + Iy + 8 + by)(1 + 1b,)(1 + Ib,).

l—al=1-

This condition is always true for any parameter values that we have used in our simulation. Hence, the inequality
las| < 1 is also satisfied.
Finally, we just have to verify that the inequalities

|1 — a§| > |laz — ajay)|
and
(1 —a3)* — (a3 — aras)?| > |(1 — ap)(az — azas) — (a3 — ayas)(ay — azas)|

are true. This is rather complicated to study theoretically. However, through some numerical simulations with the
parameters presented in Table 2, we could see that the inequalities are true when Ry < 1 for all / > 0. Hence, we can
conclude that all the eigenvalues of the Jacobian matrix are all less than one in magnitude. Thus, by Theorem 3.1,
the scheme (3.2) is unconditionally stable when Ry < 1.

To study the stability of the steady states of the NSFD numerically, we generated 10000 sets of parameter values
randomly. For each parameter set, we calculated reproductive number Ry, the disease free and endemic equilibria
and the spectral radius of their respective Jacobian matrix. The reproductive number Ry and the spectral radii are
plotted in Fig. 1. We observe that when Ry < 1, the spectral radius is less than 1, indicating that the DFE of
the NSFD is locally asymptotically stable. When Ry > 1, the spectral radius of the DFE is larger than 1 (positive
logarithmic values) and that of the EE is less than 1 (negative logarithmic values) indicating that the DFE is unstable
and the EE is asymptotically stable. In other words, the stability of the equilibrium points of the NSFD corresponds
to that of equilibrium points of the continuous model.

Remark 3.3. The endemic equilibrium of the NSFD is locally asymptotically stable when Ry > 1.

In next section, we present some numerical results confirming the above mentioned theoretical observations.

4. Numerical results

In this section we present extensive numerical results that we obtained by simulating the model with NSFD and
other classical methods for a range of time step-sizes. Parameter values used for the simulations are presented in
Table 2. Furthermore, numerous values of biting rate of sandflies, @, which are taken in the numerical simulations,
are indicated in the captions of figures and tables. Initial condition used for these simulations is indicated in Table 3.
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Fig. 1. The logarithm of the spectral radii of the Jacobian of the NSFD at the DFE (left) and EE (right), and the reproductive number Ry.
Each point represents a set of randomly generated parameter values. The step size is [ = 10.

Table 3

Initial condition used for numerical simu-

lations.
Initial condition Value
s,,(0) 0.985
in(0) 0.0025
pn(0) 0.0005
rp(0) 0.012
sr(0) 0.9
ir(0) 0.1
5v(0) 0.8
i»(0) 0.2

4.1. Disease free equilibrium (Ro < 1)

In this section, we present the results to study the convergence behavior of the numerical methods to disease free
equilibria. We provide the results for different values of biting rate of sandflies a satisfying Ry < 1. In Fig. 2, it can
be seen that all the numerical methods converge to the disease free equilibrium when the step-size / = 1. Then, in
Table 4, we present some results about convergence of forward Euler, fourth-order Runge—Kutta and NSFD schemes
for different time step-sizes. It can be seen that the NSFD method converges to the correct disease free equilibrium
for all / used in the numerical simulations, and preserves positivity of the state variables whereas both forward
Euler and fourth-order Runge—Kutta methods only converge for smaller values of / and diverge for larger values
of time step-sizes. In addition, Table 6 provides the spectral radius for different values of / and initial conditions
for the forward Euler and NSFD schemes. It can be observed for the NSFD scheme, these radii are less than one
for every values of the time step-size and initial conditions. Hence, by Theorem 3.1, the disease free equilibrium
is asymptotically stable for NSFD scheme.

4.2. Endemic equilibrium (Ry > 1)

In this section, we study the behavior of the numerical methods to endemic equilibria. We provide the results
for different values of biting rate of sandflies a satisfying 7%y > 1. It can be seen from Fig. 3 that all the numerical
methods converge to the endemic equilibrium. However, in Table 5, we can see the qualitative values of convergence
for forward Euler, fourth-order Runge—Kutta and NSFD schemes for different time step-sizes. It can be concluded
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Fig. 2. Solution profiles obtained by different numerical methods for / =1, a = 0.1556 and Ro < 1.

Table 4
Numerical convergence to the DFE for a = 0.1556, Ry < 1 (Initial
condition: See Table 3).

l Euler RK4 NSFD

0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent Divergent Convergent
7 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent

Table 5

Numerical convergence to the EE for a = 0.2856, Ro > 1 (Initial
condition: See Table 3).

[ Euler RK4 NSFD

0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent Divergent Convergent
7 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
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Fig. 3. Solution profiles obtained by different numerical methods for / =1, a = 0.2856 and Ro > 1.
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Fig. 4. Solution profiles obtained by Euler, RK4 and NSFD methods; for / = 3.4, a = 0.2856 and Ro > 1.

that the NSFD method converges to the correct endemic equilibrium for large values of /, whereas forward Euler

and fourth-order Runge—Kutta methods only converge for smaller values and diverge for larger /. From Fig. 4, we

see that the forward Euler and fourth-order Runge—Kutta methods failed to converge to the endemic equilibrium.
On the other hand the NSFD scheme starting from different initial conditions converges to the correct endemic
equilibrium even for large values of [ (see Fig. 5). In addition, it can be observed from Table 7 that the spectral

radius of the NSFD scheme is less than one for every values of the time step-size / and initial conditions. Hence,
the endemic equilibrium is stable for NSFD.
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Fig. 5. The approximations generated by the NSFD method with / = 10 converges to the EE (red dots) for different initial conditions. The
biting rate is a = 0.2856 giving a reproductive number Ry > 1.

Table 6
Numerical convergence to the DFE for different time step-size / and initial conditions. Here a = 0.1556 and 0.1656, giving Ro = 0.9351
and 0.9951, respectively.

l s (0) in(0) pn(0) ri(0) 5-(0) ir(0) 50(0) iv(0) Ro p(Euler) p(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 0.99984 0.99984
1 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 0.99943 0.99949
22 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 1.00791 0.99652
22 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 1.00794 0.99901
10 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9951 8.12703 0.99739
10 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9351 8.12689 0.98437

Here p(Euler) and p(NSFD) denote the spectral radii of Euler and NSFD methods, respectively.

Table 7
Numerical convergence to the EE for different time step-size / and initial conditions. Here a = 0.2856 and 0.2956, giving Ro = 1.7163 and
1.7764, respectively.

l s (0) in(0) pr(0) ri(0) 5-(0) ir(0) 53(0) iv(0) Ro p(Euler) p(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7163 0.99984 0.99984
1 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7764 0.99951 0.99951
22 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7163 1.00854 0.99658
22 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7764 1.38846 0.99893
10 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7764 8.13057 0.98464
10 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7163 9.51766 0.99520

Here p(Euler) and p(NSFD) are used for the spectral radius of Euler and NSFD schemes, respectively.

5. Discussion and conclusions

In this paper, a numerical scheme for the dynamics of Visceral Leishmaniasis disease is proposed. We formulated
the NSFD scheme based on some nonlocal approximations for the nonlinear terms. We studied the convergence
behavior of the numerical methods near the steady state. We provided the results for different values of biting rate
of sandflies, a, and Ry.

The change in the values of the parameter, a, the biting rate of sandflies, changes the dynamics of the system
(see Fig. 6). When a < 0.166 then Ry < 1 and the DFE is stable, and when a > 0.166 then Ry > 1 and the
endemic equilibrium is stable.

We also noticed that the NSFD scheme is unconditionally stable for Ry < 1 and converge to the disease free
equilibrium for arbitrary step-sizes. On the other hand, forward Euler and fourth-order Runge—Kutta methods diverge
for several time step-sizes. Similarly, for the case Ry > 1, NSFD scheme is unconditionally convergent to the
endemic equilibrium point whereas the forward Euler and fourth-order Runge—Kutta methods diverge for several
time step-sizes.

Euler and Runge—Kutta fourth order methods converge to the correct steady state only when the time step-sizes
are very small and diverge for larger values. However, the NSFD scheme converges to the correct steady state

188



E.M. Adamu, K.C. Patidar and A. Ramanantoanina

Mathematics and Computers in Simulation 187 (2021) 171-190

Human population x1 10°  Reservoir population Vector population 0.05
0.8 0.99 0.04
. 0.6 0.98 0.03
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’/ 0.4 0.97 0.02
0.2 0.96 0.01
0 =2’ 0 0 0.95 0
0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3
Biting rate Biting rate Biting rate

Fig. 6. The population size at equilibrium obtained by NSFD method for / = 10 with different values of the biting rate (a). The solid
black and red lines are the susceptible and infected population, respectively. The dashed black line on the left represents the PKDL and
recovered human population. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

with all positive parameter values. Hence, it can be concluded from the numerical results presented in Sections 4.1
and 4.2, that the proposed NSFD scheme is more efficient computationally than the other well known numerical
methods.
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