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ABSTRACT

The existence of a radio synchrotron background (RSB) excess is implied by a number of measurements, including excess
emission seen by the Absolute Radiometer for Cosmology, Astrophysics, and Diffuse Emission (ARCADE 2) and Long
Wavelength Array (LWA) experiments. Highly sensitive wideband radio arrays, of the kind used to measure the cosmic 21 cm
signal, provide a promising way to further constrain the RSB excess through its anisotropy, providing additional insight into its
origin. We present a framework for evaluating the potential of 21 cm arrays to disentangle different components of the diffuse
radio sky based on the combination of their frequency spectrum and angular power spectrum. The formalism is designed to
calculate uncertainties due to the intrinsic cosmic variance alone or together with instrumental noise. In particular, we predict the
potential for measuring the anisotropy of a broad generalized class of excess radio background models using the low-frequency
Hydrogen Epoch of Reionization Array (HERA) as an example. We find that a HERA-like array can distinguish an RSB excess
from other sky components based on its angular clustering and spectral dependence, even if these are quite similar to one or

more of the other components — but only in the case that the RSB excess is relatively bright.

Key words: methods: statistical —techniques: interferometric —large-scale structure of Universe.

1 INTRODUCTION

The bright diffuse radio emission at high-Galactic latitudes has long
been known and has been observed in a number of observations (e.g.
Westerhout & Oort 1951). For a long time, in the absence of good
constraints on both the Galactic emission and the line-integrated
emission from extragalactic point sources, typical analyses simply
assumed that the diffuse radio emission was mainly a combination
of Galactic emission and extragalactic point sources. This under-
standing has led to a lack of motivation to consider any significant
radio background, which may be a significant oversight of 21 cm
cosmology, i.e. the search for the neutral hydrogen lines embedded in
the primordial light from Recombination. Recent re-examinations of
the composition of the diffuse radio sky were triggered by ARCADE
2 (Fixsen et al. 2011), which used two empirical Galactic foreground
models to show that, in addition to the primordial ~3 K blackbody
radiation, there is an excess power-law spectrum in the monopole of
the diffuse radio background (Dowell & Taylor 2018),
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This excess temperature is also known as the Radio Synchrotron
Background (RSB). Although Synchrotron in this context refers to
the power law determined by ARCADE 2, it does not necessarily
imply an origin exclusively from synchrotron emission. Moreover,
given the unknown redshifts of the origins of the RSB excess, the
terms ‘foreground’ and ‘background’ are no longer unambiguously
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defined in 21 cm cosmology. To avoid the confusion that these
terms may cause, we hereby explicitly divide the radio sky into
five segments: Galactic synchrotron, Galactic free—free, extragalactic
free—free, extragalactic point sources, and RSB excess (excluding,
for simplicity, the subdominant 21 cm emission). Note that since
extragalactic point sources models or catalogues are usually defined
up to a low-flux limit, the definition of the RSB excess should not
only include unknown exotic contributions (if they exist), but also
potential residual extragalactic point sources.

The origin of the RSB excess has become one of the major
puzzles in contemporary astrophysics, since both the known Galactic
processes and the known classes of extragalactic point sources
have difficulty in explaining such a large excess (see Singal et al.
2023 for a recent review). A number of exotic models have been
proposed. Some works have considered the modified population
models of faint, unresolved point sources (e.g. Condon et al. 2012;
Vernstrom et al. 2014; Hardcastle et al. 2021). Biermann et al. (2014)
investigated the possibility that supernovae of massive population I11
stars are the source of the diffuse background. Some other exotic
astrophysical processes have also been considered, such as injections
from high-energy particles (Cline & Vincent 2013), emission from
stellar black holes (Ewall-Wice et al. 2018), primordial black holes
(Mittal & Kulkarni 2022), and others more related to structures on
cosmological scales, such as annihilating dark matter in haloes or
filaments (Fortes et al. 2019), superconducting cosmic strings (Cyr,
Chluba & Acharya 2023).

Strong observational tests are needed for these candidate theoreti-
cal models. Theoretically, different models have different predictions
for the random field statistics of the RSB excess. A rich source of
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information is the frequency—frequency angular power spectrum,
which in turn can help to filter out these exotic models. Some recent
work has begun to recognize this, e.g. Todarello et al. (2024) suggests
a20 per cent lower bound on the extragalactic contribution to the RSB
(which in this paper should be understood as the sum of the RSB
excess, the extragalactic point sources, and the extragalactic free—
free emission) by studying the angular cross-correlation of LOw-
Frequency ARray (LOFAR) images of the diffuse radio sky with
matter tracers at different redshifts provided by galaxy catalogues
and cosmic microwave background lensing.Offringa et al. (2022)
and Cowie et al. (2023) investigated the anisotropy of the RSB
by examining high-multipole modes within fields at high-Galactic
latitudes. The former analysis attempted to identify a significant
Galactic component within the probed range of ¢, but concluded
that such a component was absent; the latter suggests that while
the anisotropy power for £ < 7000 is predominantly due to diffuse
Galactic emission, this is not the case for £ > 7000, as indicated by
the change in the power law at £ =~ 7000. Nevertheless, there remains
a gap in current research methodologies to effectively isolate the
RSB excess. Dedicated statistical measurements of the frequency
and spatial structure of the RSB excess are essential to refine our
understanding of the origins of the RSB excess, especially for an
RSB excess separation strategy that is logically independent of the
ARCADE 2 result and its foreground subtraction strategies.

In this work, to encapsulate our ignorance of each component, we
model the diffuse sky as the sum of several independent random fields
and constrain them all together. We use a generalized parametric form
to describe the angular and frequency structures of the random fields.
In this way, each field is specified by an independent set of parame-
ters. The statistical model is described in terms of spherical harmonic
(SH) modes whose statistics are characterized by a multivariate
Gaussian distribution specified by a parameterized angular power
spectrum and frequency—frequency covariance matrix. Assuming a
likelihood-based joint analysis for all fields, we provide a formalism
based on Fisher matrix techniques for the prediction of constraints
on the RSB excess model using low-frequency radio interferometric
arrays. The function and purpose of this formalism is twofold: (1)
to predict whether the intrinsic uncertainty caused by the cosmic
variance allows us to disentangle different components, given that
we do not have an ensemble of universes to use, but finite SH modes
of the field configurations; (2) to predict whether the experimental
setup allows us to detect the RSB excess and discriminate between
different predictions. These are the two things we need to do in order
to design an experiment to test particular RSB excess models.

Using this framework, we present a Fisher forecast for the
Hydrogen Epoch of Reionization Array (HERA; DeBoer et al.
2017) to measure the angular power spectrum (APS) of the RSB
excess. Without going into specific theoretical models, we assume
three different APS models and analyse the tightness of HERA’s
constraints on the RSB excess parameters for each of the cases,
without imposing any prior on any parameter of any component of
the radio sky.

The rest of the paper is structured as follows: In Section 2, we
discuss the basic formalism of Fisher analysis, including a general
statistical model (Section 2.1) and the intrinsic uncertainty for
constraining the statistical models of the random fields (Section 2.2).
In Section 2.3, we present a formalism for predicting the ability of the
21 cm radio interferometric array to separate different components
of the radio sky. In Section 3, we give a specific example where we
analyse the ability of the HERA array to detect the RSB excess. In
Section 4, we discuss and conclude this work.
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2 FISHER FORECAST FORMALISM

Our formalism is based on Fisher matrix techniques and assumes
that the diffuse radio sky can be represented as a few statistically
independent components, for each of which the distribution of
SH modes is approximated by a multivariate complex Gaussian
distribution. This formalism is designed to predict the accuracy of
21 cm arrays for disentangling the anisotropic radio sky. In particular,
it can be used to predict their ability to test exotic models for the RSB
excess.

2.1 Statistical model

We begin by representing the diffuse radio sky as the sum of several
random fields

T, 0,¢)=> TV1,06,9), (@)

where the superscript ‘s’ indexes the different sky components.
Typically, our understanding of the sky is in terms of different types
of emission sources, such as Galactic synchrotron emission, Galactic
free—free emission, one or several RSB excess emissions, etc.

Usually we model the spherical harmonics separately in each small
frequency interval, i.e.

TOW,0,) = agm®)Yum(®, $), &)
£,m

where the spherical harmonic coefficient is similarly expressed as
the sum of several components

am(v) =Y _agv). “

The two-point statistics for each sky component can be characterized
by the variance of the spherical harmonic coefficient

(@ 1)@l (12)) = Sppr S 85 C (1, 1), 5)

where &y constrains that different sky components are statistically
independent and Czs)(vl, V) is the frequency—frequency angular
power spectrum which can be parameterized as (Santos, Cooray &
Knox 2005)

¢ \“ B meymy)
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where A denotes the magnitude of the power spectrum at the
reference frequency v and the reference scale £.;. o describes
the spatial structure of the random field: the power spectrum of
a naturally occurring random field is usually smooth enough that
we can approximate it as a power law over a modest interval of
£. B and & describe the frequency structure of the radio emission,
where B describes a power-law approximation of the spectrum and
& describes the degree of anticorrelation, which can be thought of as
a low-order correction to the power law. We have a set of parameters
{A®, @ B £} for each component field indexed by s. The goal
of this analysis is to determine whether the values of the parameters
A, a, B, and & for the RSB excess could be constrained by a suitable
21 cm interferometer experiment.

2.2 Cosmic variance and component distinguishability

We approximate the distribution of spherical harmonic modes as a
multivariate complex normal (CN) distribution. For radio interfero-
metric arrays, if we only consider cross-correlation visibilities, the

MNRAS 530, 3412-3421 (2024)

$20z 1snbny g0 uo Jasn Ansnuapomn Aq $004592/Z 1 ¥E/€/0ES/8101U/SEIUW/ WO dNo"oIWapeoe//:sdny WwoJj papeojumoq



3414  Z. Zhang, P. Bull and K. A. Glasscock

measurement is basically only sensitive to fluctuating modes and has
no response to the monopole. We will therefore only consider the
zero mean, £ > 0 modes,

a~CN(,C), )

where the sky vector, denoted a, is the tuple containing all the
spherical harmonic coefficients. Each element of the covariance
matrix C is given by the statistical model. The covariance matrix
can be represented as the sum over components

c=> cv. ®)

We do not really have an ensemble of universes, but finite spherical
harmonics of the field configurations in our Universe. Therefore,
before testing the angular power spectrum predicted by the model,
we need to know whether the cosmic variance allows us to separate
the RSB excess from other components. In other words, the challenge
posed by the strategy of constraining all fields simultaneously is
whether we can tell the statistical differences between different fields
using a finite set of spherical harmonics; if it does not, we are forced to
use priors or adapt the experimental setup to look at more frequencies
or more spherical harmonic modes.

To characterize the effect of cosmic variance, we assume we have
perfectly detected the ay,,’s of the radio sky, i.e. as,’s with zero
error bar. We can calculate the Fisher matrix simply using equation
(4) as the data model. The zero mean nature for the £ > 0 modes
simplifies the Fisher forecasting formalism, as only the second term
of the Fisher matrix is retained

, 1 aC® _,9Ce)
) 6DY _ —1 -1
]:(Pa » Pg ) = ETI' <C apg)c apf;/)> ) ©)

where p$) denotes a parameter of the component s and pg,) denotes
a parameter of the component s’. Since each matrix in equation (2) is
diagonal with respect to £m, the Fisher computation can be carried
out as a sum over £m modes

/ I oc,Y | _joc,”
F(ppg) =3 5 (Cel gCT ] o
22 op’ — dpy”

where the square matrix C, has the size of the number of frequencies.

In order to better discuss the effect of the cosmic variance on
the model constraints, we first perform a simple set of comparative
analyses. We assume a radio sky with four statistically independent
components; two Galactic components (Galactic synchrotron and
Galactic free—free), and two RSB components (extragalactic point
sources and extragalactic free—free). In presenting an illustrative
example of our cosmic variance evaluation scheme, we choose not
to include a potential exotic RSB excess. This represents the most
optimistic case for a statistical model of the anisotropic sky, in which
we have a complete model with a reasonably minimal number of
statistical parameters. Adding an exotic component (as we shall do
in the next section) necessarily increases the number of parameters,
and the structure and even the amplitude of the excess is not well
constrained. The fiducial parameter values are given in Section 3. We
compare how tightly different SH combinations, as listed in Table 1,
constrain these parameters using equation (10). The results of the
Fisher forecasts, the simulated measurements and the uncertainties
are shown in Table 2, and the uncertainties of each parameter are
visualized in Fig. 1. Comparisons between Forecasts Low res., 21
fregs., and Wideband show that, in general, more spherical harmonic
modes at more frequencies provide tighter constraints. However,
comparing Forecasts 21 fregs., 101 fregs., and Wideband also shows
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Table 1. The settings for four different combinations of spherical harmonic
modes. To illustrate the effect of cosmic variance and intrinsic model
discriminability, each of these sets of ag, (v) is used to disentangle a four-
component radio sky. The results are listed in Table 2.

Forecast Frequency Number of Range of
name range frequencies modes
Low res. 130-150 MHz 5 40<£<70
21 fregs. 130-150 MHz 21 20<¢<90
101 freqs. 130-150 MHz 101 20<¢<90
Wideband 130-230 MHz 101 20<¢<90

that it is not always the case that a higher resolution of frequencies
is better. This can be interpreted as a consequence of the fact that
all field components in the model are more or less highly correlated
in frequency. If the difference between two frequencies is much
smaller than the correlation length, then the pair will provide no
more information than a single frequency. Even in extreme cases,
a frequency resolution that is too high can cause the frequency—
frequency covariance matrix to become numerically singular and
therefore not accurately inverted.

2.3 Fisher forecast for radio interferometric arrays

The evaluation of the intrinsic uncertainty due to the cosmic variance
is a prerequisite for component separation. Since the purpose of
component separation may vary, the impact of the intrinsic un-
certainty caused by the cosmic variance should be evaluated in
an ad hoc manner. In this analysis, we assume that the cosmic
variance is not a limit for constraining the RSB excess and other
dominant components of the diffuse sky with a particular set of
spherical harmonics and frequencies. The next question is whether
a 21 cm array, in particular its noise, spherical harmonic response,
and observing strategy, will allow us to separate these components
accurately.

The visibility for antennas 7, j at frequency v and sidereal time ¢
can be written as

V(bij, v, 1) = //dZQ A, i, ) AL, i, 0 T (v, ) e 270w,
(1)

where A; and Aj- are the E-field beams for each antenna, 7i denotes
the direction of the sources, and 27 v7;; is the phase difference for
the source observed by the baseline b;;. Given equation (3), we can
rewrite the above using spherical harmonics,

V(bij, v, t) =D, X(bij, v, 1, L,m)ap,(v), (12)

where the operator X encodes the response of the array to each
spherical harmonic mode on the sky. In linear algebra, X can be
represented as a matrix, or a linear mapping projects a into data
space as the vector d, i.e. X : @ —> d, where the explicit form is
given in Glasscock et al. (2024). The elements §V,,, of the visibility
response operator X are given as,

§Vim(bij, v, 1) = f/dzsz A Al Yy () 7271V 00, (13)

The visibility response is thus computed for a given array configu-
ration (i.e. given the available baselines, times, and frequencies) per
spherical harmonic coefficient ay,,.
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Table 2. The effect of cosmic variance on the disentanglement of radio sky components, comparison of four different sets of spherical harmonic modes. Table 1
shows the specifications of each forecast. The ‘Fiducial’ column is the input of the Fisher forecasts. The forecast results are given as the three numbers, the

median, and the the upper and lower 1o errors obtained from Markov Chain Monte Carlo simulations. These forecasts do not use any prior or conditionals.

Components Parameters Fiducial Low res. 21 fregs. 101 fregs. Wideband
; +1.54%1073 +8.60% 1077 +1.63%x107° +5.58%1077
Galactic In A 3.79 3.797 k103 379 0 3797 06 379 0
synchrotron
_ _ +5.46x 1074 _ +8.72x1077 _ +1.32x107° _ +3.72x1077
o 24 24075 G 0-4 2407 s 10-7 2407 9% 10-6 240735 1077
+3.54x1073 +8.29x107° +7.03x107° +6.57x1077
B —2.60 —2.6073 ¢ 10-3 2607535 106 —2.60Z¢ 51 106 —2.60Z¢ 7 107
+4.25x1073 +1.05x107° +2.71x107° +1.79x107°
40 405,300 4'0—1.O7x10’5 4'0—2.67x10*5 4'0—1.87x10*5
; +1.54 +4.65%x1074 +2.38x1073 +3.64x1073
Galactic InA —2.43 —2.397 15 =243, 0 =243 03 —24375 50 103
free—free
+1.41 +3.44x1074 +2.29x1073 +2.23x1073
o —3.0 —3.03Z1 40 —3.00Z5 405104 —3.002; 55 10-3 —3.0025755  10-3
+0.758 +1.09%1073 +1.24x1072 +2.22x1074
B —2.15 —2.157)756 —2.15_1_03“073 _2'15—1.20><10’2 —2.15_2_]9X10,4
+8.45x103 +22.2 +143 +2.20
35.0 —2247 00 3497575 36.67145 35175575
: _ _ +0.201 _ +2.09x1074 _ +6.75x 1074 _ +1.59x 1074
ExFragalacuc InA 4.71 4717708 4.7172‘10“074 4.7176‘61“074 4.7171‘58“074
point sources
+0.107 +3.44x1074 +4.41x1074 +5.91x1073
« -1 — 1100105 110 g 104 L 10Z, o104 1107 o107
+1.74x1072 +3.05x1074 +4.10x10™4 +1.23x1074
B —2.07 72‘0771‘70“0*2 72‘0773413“0*4 72‘0774406><10*4 72‘0771424“0*4
+9.66x1073 +7.31x107 +2.52%10~* +6.89%1077
1.0 1'0079A64><10’3 1'00—7457><10*5 1'0072A48x10*4 1'0076485><10*5
3
Extragalactic InA —13.5 —8.00% 1310, —1351141 —13.51214 —13.5012
free—free
+5.23x103 +3.80 +1.30 +0.695
o —-1.0 =32.57 00 0 —1.017357¢g —0.098773, —0.09797 4700
+3.87x103 +5.01 +1222 +1.30
B -2.10 22,6700 =2.07755, —2.22%13¢ —2.12+13%
+5.16x10* +1.14x10° +8.91x103
350 (150 x 7 86775 3100 29271.14><105 235—9.28x103
105)+1.04x10
—1.05x107
® Galactic Synchrotron W Galactic Free-Free Vv  Extragalactic Point Sources A Extragalactic Free-Free
InA a B 3
108
A
10% . . .
A A A A
102 A - _ m A
S
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Figure 1. Fractional uncertainty for different parameters due to cosmic variance. The fractional error is obtained by dividing the 1o uncertainty level by the
absolute value of the fiducial parameter, i.e. o/|p,|. The shaded areas indicate high-fractional uncertainties greater than 1. Forecasts Low res., 21 fregs., and
Wideband: more spherical harmonic modes at more frequencies provide tighter constraints. Forecasts 21 fregs., 101 fregs., and Wideband: a higher frequency
resolution does not always help. In all forecasts, the faint extragalactic free—free component cannot be constrained well.
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Consequently, the statistical model for the data vector is
d~CN(0,%), (14)

where the covariance matrix is the sum of projected signal and noise
according to

=Y XCYX'+N, 15)

where N is the noise covariance matrix.
The Fisher matrix is given by

f(p“") pf;’)) ~ln <21 0> 1 02 > (16)
@’ (s) G |
2 0pa apﬁ
where
(s)
pY op9

and X! is usually easier to handle by realizing
2 =N -NTX(CT + XINTIX)TIXINTT (18)

where we have applied the Woodbury matrix identity. After some
algebra steps, equation (16) can be rewritten as

, 1 9Cw _ aCH)
) 6D\ _ &
f(pa S ) =T <Map$)Mapg,)> , (19)
where
M=Q-QC'+Q'Q, (20

and Q = XIN~'X.

2.3.1 Universal SED approximation

The representation of diffuse emission using spherical harmonic
coefficients defined for each frequency interval is a common way
of modelling it and has the advantage that the formalism looks
neat. However, it also means that we are dealing with a particularly
large total number of spherical harmonics (number of frequencies
multiplied by number of spherical harmonic modes). If such large
matrices cannot be handled numerically, the following universal
spectral energy distribution (SED) approximation can be considered.
This should work well if the field of view is small and the antenna
side lobes are well apodized.

More specifically, the simplified toy model for each compo-
nent would be a universal power-law SED multiplying a mildly
anisotropic temperature distribution on the sky, i.e.

TOW,0,¢) = ap Y0, ) f ), @1
£,m

where the SED is assumed to have a power law like structure,

v ’S(I“ﬁ)
f)= (*) , (22)

Vref
and we have expressed the power index as a frequency-dependent
function g, to inscribe any deviation from the power law. On a log—
log scale, this SED function can be rewritten as

B"0) 4
72 X

Ing = xB(x) = B0)x + B'(0)x> + +oe (23)

where x = In (v/vs); in the second equality, we have Taylor ex-
panded B at vy.

MNRAS 530, 3412-3421 (2024)

The frequency covariance part of C¢(v;, V) can be rewritten in x
coordinates as

(x1 — x2)?

2 24)

exp [ﬁ(xl +x2) —
When characterizing the same diffuse emission using these two
models, we have

e

2
}%fﬁ@ﬁ*+ﬁ“):ﬂul+ww—&zzf), (5)
where 8, = d"/dx" can be found by fitting the left to the right and
n. is the cutoff order of the Taylor expansion.

Using equation (25), we can build statistical models of the param-
eters {A®, @@, ﬂ(()s), ol ﬁ,(f)}, which is equivalent to the equation
(6) under the universal SED approximation, but with a significantly
reduced size of sky modes, denoted as the reduced sky vector a’. The
mapping between a’ and the data vector d is given by

Vibij, v, )= X(v,t,£,m)fOv)ag. (26)
tm

Or in the linear algebra form, we can define X' : @’ —> d, and the
matrix X' is described by

FP0)X ) ... fO)X(vp)

X = : . : 27
FOONXWy) ... fON)X (V)

The covariance matrix of d is then given by

T =XCX"+N. (28)

To calculate the Fisher matrix (see equation 16), we also need the
derivatives of X, which is quite direct: For p, = A®) ¢ we have

0% oC

=X _—X1T, (29)
0pa 0pa
while for p, = h, ..., hY, itis
x X ox'f

= X' 4xo—. (30)
0pa  Opa 0Pa

3 FISHER FORECAST FOR HERA

In this section, we analyse the ability of the HERA array to separate
different radio components. We briefly present the experimental
setup, the fiducial models for the Fisher forecast, and the results.

3.1 Experimental setup

The HERA 21 cm array is composed of 14 m parabolic dishes with
wideband Vivaldi feeds suspended at prime focus. We simulate
HERA Band 1 (roughly from 115 to 135 MHz) observations in a
relatively radio quiet part of the survey region: Field C (RA: 4.0—
6.25h).

We use the HYDRA! diffuse sky sampler (Glasscock et al. 2024),
which uses the HEALPIX scheme and a matvis-based visibility sim-
ulator (Kittiwisit et al. 2023), to generate the per-baseline visibility
response to the unit sky SH mode, i.e. the X operator in equation
(12). We use this to test a particular RSB excess theory for a range of
critical angular scales of £ < 90, specifically we choose £y,,x = 90

Uhttps://github.com/HydraRadio/
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Figure 2. The layout of the reduced dish array.

and Ngg. = 64. We approximate the beams as Gaussians where the
full width at half-maximum (FWHM) is given as ~ A/ D, where D is
the diameter of the dishes. For our frequency range this corresponds
to a FWHM from ~ 10.6° to ~ 9.09°.

3.1.1 Baseline selection

In order to reduce unnecessary numerical work due to duplicate
baselines, we use a subset of the actual HERA array layout, as
shown in Fig. 2. We then manually re-weight the baseline densities
to solve the problem that the population of short baselines in this
simplified array layout is significantly smaller than the real number.
Since the chosen range of the targeted and thus modelled SH modes is
£ < 90, we impose a baseline filter to avoid the energy of larger-¢ SH
modes. A rough estimate is that a baseline of length d is sensitive to
SH modes ¢ ~ sd/A. Therefore, the filter removes baselines longer
than ~ 75 m. Note that unlike Section 2.3 we do not set a cutoff
L min although the minimum baseline length (14.6 m) sets an effective
minimum ¢ mode instead.

3.1.2 Noise

For the visibility measurements at each time and frequency, we
assume a Gaussian random noise uncorrelated with the signal com-
ponents, n;;(v, t) = o;j(a + ib)/2. The noise variance is modelled
using the simulated autocorrelation visibilities as follows
U NgAtAY’
where Av = 166kHz is the frequency bandwidth and Az = 40s is
the time resolution. Ng = 40 is the assumed total number of days of
observation. The autocorrelation visibilities are generated using an

improved model of diffuse galactic radio emission (de Oliveira-Costa
et al. 2008).

€1y

3.2 Fiducial models

We assume that the radio sky consists mainly of five statistically
independent components, namely Galactic synchrotron, Galactic
free—free, extragalactic point sources, extragalactic free—free, and the
radio synchrotron background. For the first four, we use equation (6)
and the parameter values that were presented in Santos et al. (2005)
as the fiducial values for the Fisher analysis (see Table 3 and Fig. 3),
except for the Galactic synchrotron spectral index, for which we use
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Table 3. Fiducial parameter values at £ = 10 and 130 MHz. These values
are the input for the Fisher forecast in Section 3.

A o B &

Gal. synch. (6.63 K)? —2.4 —2.60 4.0
Gal. FF. (0.30 K)? -3.0 —-2.15 35.0
Extragal. ptsrc. (0.095 K)? —1.1 —2.07 1.0
Extragal. FF. (0.0012 K)? -1.0 —-2.10 35.0
RSB excess 1 (6.63 K)? —2.4 —2.66 4.0
RSB excess 2 (2.10 K)? -3.0 —2.66 4.0
RSB excess 3 (21 K)? 0.0 —2.66 4.0

RSB excess1l — — Gal.synch.  -ooees Extragal. ptsrc.

RSB excess 2 —-—-- Gal. FF.
RSB excess 3

106 —//
104 -

————— Extragal. FF.
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Figure 3. The assumed angular power spectra of different components of
the radio sky at the reference frequency of 130 MHz. Note that the RSB
excess 1 overlaps the Galactic synchrotron component. The opacity of the
shaded background is proportional to the overall response of the HERA array
model used in this work to Cy. The overall C; response, which is defined as
Z,’m,b‘_l IX(bij, Vref, I, £, m)lz/aijz(t), characterizes the linear mapping from
Cy to the whitened data covariance, (d N4 ). For computational reasons
we have only calculated up to £max = 90.

B = —2.6. This is a typical value for high-Galactic latitudes between
90 and 190 MHz (Padovani et al. 2021). This fiducial Galactic
synchrotron power law is flatter than the fiducial RSB power law,
reflecting the current perception in the RSB literature (e.g. Dowell &
Taylor 2018) that the RSB excess plays a more important role at
lower frequencies. Note also the chosen spectral index of —2.07 for
the extragalactic point sources used in Santos et al. (2005). This
flattened spectrum was obtained by first extrapolating the spectral
index in the low-frequency interval down to 0.1 mly, the low-flux
cutoff below which the clustering signal dominates over the Poisson
signal. It was then extrapolated to the spectral index in the lower
frequency interval based on the observation that the source spectra
flattened from the ‘low’ frequency interval of 327 MHz to 1.4 GHz
to the ‘very low’ frequency interval of 74-327 MHz, with a median
change in the spectral index of A = 0.24.

For the RSB excess, since there are currently no well-motivated
fiducial values other than the frequency power-law index, i.e. f =~
—2.66, we consider three simple phenomenological models, using
the Galactic Synchrotron as areference, to test the ability of HERA to
constrain the RSB excess parameters under different circumstances:

(i) RSB excess 1: The parameters, except for S, are the same as for
Galactic synchrotron. This model mimics the Galactic synchrotron
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in terms of its angular power spectrum and amplitude, differing from
it only in its frequency structure. We include this as a toy model for
an RSB excess that would be difficult to distinguish from foreground
emission based on angular clustering statistics alone.

(ii) RSB excess 2: At the reference point (£yf = 10, ver =
130 MHz), the anisotropy power of the RSB is an order of magnitude
less than the Galactic synchrotron, but has a steeper angular power
law.

(iii) RSB excess 3: At the reference point (£ = 10, veer =
130 MHz), the anisotropy power of the RSB is an order of magnitude
stronger than that of the Galactic synchrotron, but has a flatter angular
power law.

The RSB excess 1 is not physically motivated and we discuss the
discriminability of the model more in a numerical sense, as proximity
in parameter values could lead to degeneracies in the model, where
different combinations of parameter values could lead to similar
predictions. On the other hand, RSB excess 2 has a steeper APS where
the larger (angular) scale fluctuations dominate. RSB excess 3 is an
example of a flatter APS, where smaller (angular) scale fluctuations
play a more important role. This particular model represents white
noise extragalactic emission. All three of these cases are intended
to be toy models that represent phenomenological scenarios, and are
not intended to mimic particular physical explanations for the excess.
Theoretically, we could have also considered a higher (weaker)
power and a steeper (flatter) angular power law. However, such
an assumption implies that the monopole of the RSB excess is
much stronger (weaker) than the Galactic synchrotron monopole,
considering a brutal extrapolation of the APS model to the £ — 0
end. Such low ¢ structures do not seem to be supported by the current
monopole measurements. Also, as an illustrative example, we do not
take the trouble to exhaust all the other possible models.

3.3 Results

We assume three different radio skies, with the respective RSB excess
components described by RSB excess 1, 2, and 3, while all three
cases are identical in the remaining four components. We investigate
the ability of HERA to constrain these RSB excess parameters in
two scenarios: (1) without using any priors; (2) using priors on the
four foreground components (i.e. 10 per cent uncertainties on each
foreground parameter).

Due to the numerical challenges of inverting large covariance
matrices when computing Fisher matrices, we use the universal
SED approximation (up to Oth order) to reduce the matrix size,
as explained in Section 2.3.1. In this toy model analysis, we only
consider the frequency structure up to the zeroth order, i.e. the power
law. In the case of no prior on any parameter of any component, the
result of the Fisher analysis shows that the RSB excess model can
hardly be constrained with the experimental setup in this work, as
shown in Fig. 4. On the other hand, the right column of the same
figure, as well as Fig. 5, shows that when we apply the priors to
the uncertainties of the foreground parameters, the constraints on the
RSB excess parameters become tighter. In particular, RSB excess
1 and 3 are constrained with a subdominant level of uncertainty,
while RSB excess 2 is still far from being well constrained. In order
to constrain a class of models similar to RSB excess 2, we need
to further reduce the instrumental noise or give a higher priority to
the foregrounds. An alternative strategy is to introduce priors on the
RSB excess if necessary. In theory, if the uncertainty caused by the
cosmic variance of a set of SH modes does not prevent us from
constraining a particular RSB excess model with sufficient accuracy,
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then experiments measuring these modes can be used if the noise is
low enough.

It should be noted that in real parameter estimation procedures we
usually do not need to invert the covariance matrix, and therefore
may not really need to reduce the sky degrees of freedom by
making the universal SED assumption. Furthermore, this assumption
undoubtedly amplifies the contribution of the cosmic variance to the
parameter uncertainty, since it essentially restricts all frequencies
to carry the same information about the angular scale structure. In
fact, more frequencies usually carry more information, even though
the angular scale structures of galactic components may be highly
correlated in frequency. By understanding this, we can interpret the
result with the universal SED assumption as a worst case, i.e. the
upper limit of the uncertainties of real estimators.

4 DISCUSSION AND CONCLUSIONS

The origin of the RSB excess is a mystery. Anisotropy measurements
with 21 cm arrays are a promising way to further constrain the
origin. In this work, we have developed a Fisher Forecast formalism
for evaluating the potential for 21 cm interferometric arrays to
disentangle the anisotropic diffuse radio sky. In particular, we predict
that a HERA-like array should be able to constrain the APS of
the RSB excess to a high degree even in the presence of multiple
foreground components, with an uncertainty that depends on the
true APS of the different components (Fig. 4 shows toy model
cases).

The formalism we developed assumes that each component of
the radio sky can be well-approximated by a generalized parametric
model. The results of the Fisher analysis represent the uncertainties
in the estimated parameters using a likelihood-based estimator that
maximizes a joint log-likelihood function of the form

Inl = Z In ﬁ(s) (A(S), a(s)’ ﬂ(&)’ S(S) d) , (32)

for a given fiducial composition of the radio sky. Ideally, we can
maximize the likelihood function without using any informative
priors, essentially putting all components of the sky on an equal
footing. Extracting the RSB excess in this way (or perhaps also with
the addition of ARCADE 2-based priors on some of the components)
would in principle permit us to establish the existence of the RSB
excess in a way that is independent of existing methods and results
from monopole measurements. On the other hand, this component
separation strategy will also be useful in deepening our understanding
and tightening the constraints on all the remaining Galactic and
extragalactic components, which would also facilitate other radio
cosmology surveys that need to characterize and remove foreground
emission.

If the existence of an RSB excess is confirmed, it would signifi-
cantly change the interpretation of limits reported by 21 cm surveys
(e.g. Fialkov & Barkana 2019; Acharya, Cyr & Chluba 2023), which
uses the primordial radiation background as a benchmark and relies
on phenomenological foreground models for science extraction. If
the potential background is emitted at several different redshifts,
even before or during the Epoch of Reionization, then understand-
ing the RSB becomes a prerequisite for understanding the 21 cm
signal.

Discriminating between different theoretical explanations by mea-
suring the angular power spectrum of the RSB excess may require a
tighter constraint and thus a more elaborate experimental setup than
simply detecting the presence of the RSB excess. Our formalism
provides two steps for uncertainty assessment to efficiently design
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Figure 4. Fisher forecasts for different RSB models. The left column shows the results with flat priors; the right column shows the results assuming that the
foreground parameters are known with an uncertainty of 10 per cent, but flat priors for the RSB parameters.
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Figure 5. Forecast fractional uncertainty on diffuse sky parameters from HERA, using the 10 percent uncertainty foreground priors. The x-axis indexes
forecasts considering different RSB excess models. It shows that the foreground parameter uncertainties are significantly constrained by the priors. It can be
seen that RSB excess 1 and 3 are tightly constrained with a subdominant level uncertainty, while RSB excess 2 is far from well constrained in this experimental
setup. The fractional error is evaluated as 1o divided by the absolute value of the fiducial parameter, or just lo if the fiducial value is 0. The shaded areas

indicate high-fractional uncertainties greater than 1.

observational strategies. The first step is to select the appropriate set
of spherical harmonic modes, as well as the frequency range and
frequency resolution, by estimating the intrinsic uncertainty from
cosmic variance (i.e. equation 9). After determining the targeted
modes and frequencies, the second step is to predict the uncertainty
introduced by the experimental setup (equation 16). The advantage
of radio interferometry is that since each baseline is most sensitive to
the fluctuation mode at a particular scale, we can choose a particular
combination of baselines to tailor the analysis. For example, if
the frequency anticorrelation parameter £ for a theory is highly
dependent on £, so we want to constrain this theoretical model only
in a particular smaller range of ¢ where & =~ &’ is approximately
a constant, then we can down-weight the response to unwanted £
modes by filtering the baseline.

In the cosmic variance-limited (noise-free) case where all of the
spherical harmonic modes are measured within a band between
20 < £ <90 (or 40 < ¢ <70; see Table 1), we found that all of
the foreground component parameters could be strongly constrained
except for the (faint) extragalactic free—free emission (Table 2). This
is in the case where there is no fiducial RSB excess model present,
and no prior has been applied. This suggests that close-packed arrays
of the kind used for 21 cm surveys can usefully disentangle different
anisotropic components of the radio sky based on angular and spectral
clustering alone, i.e. without absolute spectrometry.

We also showed predictions for a HERA-like array to measure the
angular power spectrum of the RSB excess for different toy models
(results in Section 3.3). If the fiducial amplitude of the RSB excess
component is of the same order as the dominant Galactic synchrotron
component or larger, its amplitude and spectral/spatial power-law
indices can be constrained reasonably well within a typical observing
season of ~ 40 nights or so, even if the spectral/spatial clustering
properties are very similar to the Galactic synchrotron’s. This is
only the case if ~ 10 per cent priors are applied to the non-RSB
component parameters, as otherwise significant degeneracies arise.
If the RSB excess is fainter than this at the target frequencies,
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however, it becomes difficult to disentangle from the foreground
components based on angular and spectral clustering properties
alone, and so either substantially more observing time, or stronger
priors on the other components would be needed to permit its
characterization in terms of the parameters of our assumed APS
model.

We reiterate that the universal SED approximation amplifies the
contribution of the cosmic variance to the uncertainties of the
parameter estimators. The true uncertainty would theoretically be
smaller than we have predicted, since a true estimator does not
need to take the universal SED approximation. Furthermore, if the
‘cosmic variance prediction’ tells us that a selected set of sky modes
are sufficient to constrain a theoretical model, then an experiment
sensitive to these modes, provided it is sufficiently low-noise, should
in principle be able to separate the components and constrain the
model.

ACKNOWLEDGEMENTS

We are grateful to I. Browne, B. Cyr, and P. Wilkinson for useful
discussions. This result is part of a project that received funding from
the (0:funding-source 3:href="http://dx.doi.org/10.13039/10001066
3")European Research Council (/0:funding-source) (ERC) under the
European Union’s Horizon 2020 research and innovation programme
(Grant agreement no. 948764; ZZ, KAG, PB). We acknowledge
use of the following software: MATPLOTLIB (Hunter 2007), NUMPY
(van der Walt, Colbert & Varoquaux 2011), CORNER (Foreman-
Mackey 2016), and SCIPY (Virtanen et al. 2020). This work used
the DIRAC@Durham facility managed by the Institute for Compu-
tational Cosmology on behalf of the STFC DiRAC HPC Facility
(www.dirac.ac.uk). The equipment was funded by BEIS capital
funding via STFC capital grants ST/P002293/1, ST/R002371/1,
and ST/S002502/1, Durham University, and STFC operations grant
ST/R000832/1. DiRAC is part of the National e-Infrastructure.

$20z 1snbny g0 uo Jasn Ansnuapomn Aq $004592/Z 1 ¥E/€/0ES/8101U/SEIUW/ WO dNo"oIWapeoe//:sdny WwoJj papeojumoq


file:www.dirac.ac.uk

DATA AVAILABILITY

The PYTHON code used to produce the results in this paper is avail-
able from https://github.com/HydraRadio/Hydra. Simulated data are
available on request.

REFERENCES

Acharya S. K., Cyr B., Chluba J., 2023, MNRAS, 523, 1908

Biermann P. L., Nath B. B., Caramete L. I., Harms B. C., Stanev T., Tjus J.
B., 2014, MNRAS, 441, 1147

Cline J. M., Vincent A. C., 2013, J. Cosmol. Astropart. Phys., 2013, 011

Condon J. et al., 2012, ApJ, 758, 23

Cowie F., Offringa A., Gehlot B., Singal J., Heston S., Horiuchi S., Lucero
D., 2023, MNRAS, 523, 5034

Cyr B., Chluba J., Acharya S. K., 2023, preprint (arXiv:2308.03512)

de Oliveira-Costa A., Tegmark M., Gaensler B., Jonas J., Landecker T., Reich
P., 2008, MNRAS, 388, 247

DeBoer D. R. et al., 2017, PASP, 129, 045001

Dowell J., Taylor G. B., 2018, ApJ, 858, L9

Ewall-Wice A., Chang T.-C., Lazio J., Doré O., Seiffert M., Monsalve R.,
2018, ApJ, 868, 63

Fialkov A., Barkana R., 2019, MNRAS, 486, 1763

Fixsen D. et al., 2011, ApJ, 734, 5

Foreman-Mackey D., 2016, J] Open Source Softw., 1, 24

© 2024 The Author(s).

Disentangling the anisotropic radio sky — 3421

Fortes E. C., Miranda O. D., Stecker F. W., Wuensche C. A., 2019, J. Cosmol.
Astropart. Phys., 2019, 047

Glasscock K. A., Bull P, Burba J., Garsden H., Wilensky M. J., 2024, preprint
(arXiv:2403.13766)

Hardcastle M. et al., 2021, A&A, 648, A10

Hunter J. D., 2007, Comput. Sci. Eng., 9, 90

Kittiwisit P. et al., 2023, preprint (arXiv:2312.09763)

Mittal S., Kulkarni G., 2022, MNRAS, 510, 4992

Offringa A., Singal J., Heston S., Horiuchi S., Lucero D., 2022, MNRAS,
509, 114

Padovani M., Bracco A., Jeli¢ V., Galli D., Bellomi E., 2021, A&A, 651,
All16

Santos M. G., Cooray A., Knox L., 2005, ApJ, 625, 575

Singal J. et al., 2023, PASP, 135, 036001

Todarello E. et al., 2024, MNRAS, preprint (arXiv:2311.17641)

van der Walt S., Colbert S. C., Varoquaux G., 2011, Comput. Sci. Eng., 13,
22

Vernstrom T. et al., 2014, MNRAS, 440, 2791

Virtanen P. et al., 2020, Nat. Methods, 17, 261

Westerhout G., Oort J., 1951, Bull. Astron. Inst. Neth., 11, 323

This paper has been typeset from a TEX/I&TEX file prepared by the author.

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

MNRAS 530, 3412-3421 (2024)

$20z 1snbny g0 uo Jasn Ansnuapomn Aq $004592/Z 1 ¥E/€/0ES/8101U/SEIUW/ WO dNo"oIWapeoe//:sdny WwoJj papeojumoq


https://github.com/HydraRadio/Hydra
http://dx.doi.org/10.1093/mnras/stad1540
http://dx.doi.org/10.1093/mnras/stu541
http://dx.doi.org/10.1088/1475-7516/2013/02/011
http://dx.doi.org/10.1088/0004-637X/758/1/23
http://dx.doi.org/ 10.1093/mnras/stad1671
http://arxiv.org/abs/2308.03512
http://dx.doi.org/10.1111/j.1365-2966.2008.13376.x
http://dx.doi.org/10.1088/1538-3873/129/974/045001
http://dx.doi.org/10.3847/2041-8213/aabf86
http://dx.doi.org/10.3847/1538-4357/aae51d
http://dx.doi.org/10.1093/mnras/stz873
http://dx.doi.org/10.1088/0004-637X/734/1/5
http://dx.doi.org/10.21105/joss.00024
http://dx.doi.org/10.1088/1475-7516/2019/11/047
http://arxiv.org/abs/2403.13766
http://dx.doi.org/10.1051/0004-6361/202038814
http://dx.doi.org/10.1109/MCSE.2007.55
http://arxiv.org/abs/2312.09763
http://dx.doi.org/10.1093/mnras/stac005
http://dx.doi.org/10.1093/mnras/stab2865
http://dx.doi.org/10.1051/0004-6361/202140799
http://dx.doi.org/10.1086/429857
http://dx.doi.org/10.1088/1538-3873/acbdbf
http://dx.doi.org/10.1093/mnras/stae876
http://arxiv.org/abs/2311.17641
http://dx.doi.org/10.1109/MCSE.2011.37
http://dx.doi.org/10.1093/mnras/stu470
http://dx.doi.org/https://doi.org/10.1038/s41592-019-0686-2
https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 FISHER FORECAST FORMALISM
	3 FISHER FORECAST FOR HERA
	4 DISCUSSION AND CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES

