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Abstract: Neutral hydrogen intensity mapping can in principle deliver rapid and large-
volume cosmological surveys with exquisitely accurate redshifts that are determined directly
from imaging. However, intensity maps suffer from very strong foreground contamination.
Future surveys will require efficient data pipelines to remove the foregrounds and reveal the
cosmological signal. It is expected that this cleaning will not remove the signal in substantial
parts of the available Fourier space and that significant loss of signal due to imperfect cleaning
will be confined to specific regions of Fourier space. This suggests a strategy which is useful
for simplified estimates and rapid computations — i.e., to apply foreground filters that avoid
the regions where loss of signal is significant. The standard Fourier-space power spectrum and
foreground filters use a flat-sky approximation and thus exclude wide-angle correlations. We
provide a new geometrical formulation of foreground filters in harmonic space, which naturally
includes all wide-angle effects in the power spectrum. Foreground filtering leads to a loss
of isotropy in Fourier space. In harmonic space this produces off-diagonal correlations. We
derive analytical expressions for the generalised HI power spectrum and its cross-power with
CMB lensing, for both single-dish and interferometer mode surveys. We show numerically that
the off-diagonal contributions are negligible for the auto power. In the cross power, there is a
non-negligible off-diagonal contribution, but only for a small interval of the largest available
scales. For auto and cross power, the signal loss due to foreground avoidance decreases with
increasing multipole (i.e. smaller scales), and the loss in interferometer mode is equal to,
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or slightly greater than, in single-dish mode. We find that the cross power in single-dish
mode vanishes below a critical multipole, ℓ < ℓ0. For an SKA-like survey, ℓ0 ∼ 20–40 over
redshifts z = 1–3. This feature is not seen in interferometer mode as the pertinent angular
scales are larger than those allowed by the minimum baseline.
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1 Introduction

We live in an exciting era of precision cosmology where cosmological models can be robustly
tested against data from cosmic microwave background (CMB) and large-scale structure
(LSS) surveys. In addition to the next-generation surveys of galaxy number counts, e.g.,
using the Dark Energy Spectroscopic Instrument (DESI) [1], Euclid [2], Rubin Observatory
Legacy Survey of Space and Time (LSST) [3], there are intensity mapping surveys, e.g. using
the Square Kilometre Array Observatory Mid-frequency telescope (SKA-Mid) [4] and the
Hydrogen Intensity and Real-time Analysis eXperiment (HIRAX) [5, 6], that will target the
integrated 21cm spectral line emission of neutral hydrogen (HI), the most abundant element
in the Universe. HI intensity mapping (IM) surveys can cover large volumes rapidly as they
do not attempt to resolve individual galaxies. In addition, extremely accurate redshifts are
obtained directly from imaging, using the relation between redshift and the frequency at
which the image is observed: 1 + z = νem/νobs, where νem = 1.4 GHz, with corresponding
wavelength λem ≡ λ21 = 21 cm.

Although HI IM surveys are potentially a very promising cosmological probe, foreground
contamination poses a great challenge and must be removed. The major source of contam-
ination is Galactic synchrotron emission, due to the acceleration of cosmic ray electrons
by the Galactic magnetic field, and ∼ 5 orders of magnitude larger than the 21cm signal.
Other sources of contamination include free-free emission (due to acceleration of electrons
by ions) and extragalactic bright radio galaxies [7, 8].

Sophisticated foreground cleaning techniques have been developed for HI IM (see e.g. [9–
13]). The main foregrounds are approximately spectrally smooth. Consequently, a conven-
tional ‘blind’ foreground cleaning will always remove long-wavelength cosmological modes
along the line of sight, since these modes will be indistinguishable from the foregrounds. Radial
Fourier modes are k∥ = µk, where µ = n · k̂ and n is the line-of-sight direction. It follows that
foreground cleaning will typically render the modes |k∥| < kFg unusable, for an appropriate
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value of the cut-off kFg. This applies to both observing modes of HI IM, i.e., single-dish mode
(simply add the signals from all dishes) and interferometer mode (correlate all dish signals).

Interferometer-mode surveys suffer from a further problem, known as the ‘foreground
wedge’ [14]. The foreground wedge arises since interferometer baselines are fixed physical
lengths — which therefore probe different angular scales at different frequencies. As a conse-
quence, intrinsically smooth-spectrum foregrounds can appear to have a more complicated
spectra. This affects modes lying in a wedge |k∥| < (tan α) k⊥ in Fourier space, where α is
described below (see figure 1 and (2.7)). In principle, the foreground wedge contamination
can be reduced by a careful inter-baseline calibration, but this has not yet been achieved [14].
In summary, a simple foreground filtering technique is to avoid contaminated long-wavelength
radial modes, as well as wedge modes in the interferometer case [14–18].

As pointed out in [19], strategies to deal with foregrounds are of two kinds: (a) foreground
subtraction and (b) foreground avoidance. Foreground subtraction requires modeling the fore-
ground sources. On the other hand, foreground avoidance strategies mask the contaminated
power spectrum modes. Foreground avoidance, or filtering, is based on the near-smoothness
in frequency of foregrounds — which means that foregrounds occupy a compact region in
Fourier space. There are limits to the accuracy of foreground models, which motivates a
combination of foreground subtraction and avoidance in data pipelines. In this paper, we
focus only on theoretical properties of foreground avoidance.

Foreground filtering has been described on the basis of the commonly used flat-sky (or
plane-parallel) approximation in Fourier space, i.e., assuming a global, fixed line-of-sight
direction N . The HI brightness temperature contrast in Fourier space, δHI(k, N , z) leads to
a Fourier power spectrum PHI(k, N , z), which necessarily neglects wide-angle correlations.
In this paper, we find a new wide-angle formulation of foreground filtering — i.e., without
assuming a fixed line-of-sight — and give a geometrical interpretation. We achieve this by
working with angular power spectra in harmonic space. In this approach, the HI temperature
contrast is δHI(n, z) = Σ aℓm(z)Yℓm(n), where n is the line of sight to a given pixel at
redshift z. This leads to an angular power spectrum that includes all angular correlations.
As an application, we derive and study the foreground filtered auto-correlation HI × HI
angular power spectrum.

In addition, we consider the effects of foreground filtering on the angular cross-correlation
of HI and CMB lensing κ. The lensing of CMB anisotropies contains an imprint of the
LSS, projected from z = 0 to the last scattering surface [20]. The combination of CMB
lensing with galaxy number counts can improve precision and break parameter degeneracies
(see [21] and references therein). The situation with HI intensity mapping is different. In
contrast with galaxies, the correlation between HI intensity mapping and CMB lensing
is damped by the effects of foregrounds on HI intensity. One might naively expect that
unlike auto-correlations HI × HI, the cross-correlation HI × κ will not be affected by HI
foregrounds, since these are uncorrelated with κ. Indeed, many previous studies neglected
foreground effects (e.g. [22–27]). However, it is known that the cross-correlation of HI with
photometric galaxy surveys is strongly damped — since HI IM loses long-wavelength radial
information while photometric surveys lose short-wavelength radial information [9, 28, 29].
CMB lensing is a more extreme case of the loss of radial precision on small scales than
photometric surveys, since there is no redshift information in the CMB lensing map. This
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k∥ = kFg

Figure 1. Schematic of foreground filter limits in Fourier space.

means that the correlation HI × κ is suppressed even more than HI × photometric galaxy
surveys, on account of the lack of overlap in the large-scale radial modes. Our findings are
consistent with this expectation (see also [30]).

In order to compare theory and data, we need window functions to average HI power
spectra over a redshift bin ∆z, since we cannot make observations for infinitesimally thin
redshift bins. Typically a top-hat window function is chosen [31]. For the auto correlations,
in order to keep numerical complications under control while introducing foreground filters,
we only consider a Dirac window, which corresponds to ∆z → 0 and thus gives the theoretical
angular spectra. The cross correlation HI × κ is not affected by window functions [31], since
the CMB convergence field κ is redshift independent. We checked this numerically.

The remainder of the paper is structured as follows. We start by summarising foreground
avoidance in Fourier space in section 2, where we also discuss the differences between the
single-dish and interferometer modes of operation of HI IM surveys, including the effect of
the beam in single-dish mode. A geometric interpretation of foreground filtering is developed
in angular harmonic space, where all wide-angle effects are naturally included. Theoretical
expressions for the generalised auto- and cross-angular power spectra with foreground filtering
are derived in section 3. We present numerical results in section 4. We show that non-diagonal
correlations are introduced due to foreground filtering, but that these correlations are small
compared to the diagonal ones. We further show that the signal loss in cross power is in
general larger than in auto power. We conclude in section 5.

We assume a fiducial ΛCDM cosmology given by Planck 2018 best-fit parameters [32]:
As = 2.101 × 10−9, ns = 0.965, h = 0.676, Ωb0 = 0.049, Ωc0 = 0.261.

2 Foreground filters in Fourier space

HI IM surveys can operate in two modes, as follows.

• Single-dish (SD) mode: auto-correlation signals from single dishes are added. This
allows for probing large angular scales, but small angular scales are lost due to damping
by the telescope beam.

– 3 –
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• Interferometer (IF) mode: cross-correlated signals from the array elements are combined,
allowing for high resolution on small angular scales, but with the loss of large angular
modes due to a cut-off imposed by the minimum baseline.

In the absence of instrumental noise, foregrounds and other systematics, the theoretical
HI power spectra in SD and IF modes agree on intermediate scales which are not affected by
the beam (SD) or minimum baseline (IF). However the two modes have (a) different noise,
(b) different effects from foregrounds, and (c) different non-foreground systematics. This
means that in practice the amplitude of the observed power spectra will differ between the
two survey modes, even on intermediate scales where the theoretical power spectra agree.

2.1 Survey properties

We use nominal examples of HI IM surveys in order to illustrate our results. We consider an
SD-mode survey similar to that planned for SKA-Mid [4], and an IF-mode survey similar
to that planned for HIRAX [5, 6]. Hereafter, we refer to these as SKA-like and HIRAX-
like surveys respectively. Since we are not producing forecasts, we do not need detailed
specifications for these nominal surveys. We require the redshift range, which we assume
to be 1 ≤ z ≤ 3 (this is realistic for SKA-Mid but extends the planned range of HIRAX).
We also need the field of view for dishes with diameter Dd:

θb = (1 + z)λ21
Dd

, where Dd = 15 m (SD), 6 m (IF), (2.1)

where the dish diameters correspond to those planned for SKA-Mid and HIRAX.
Estimates of the minimum and maximum angular scales accessible to the SKA-Mid and

HIRAX-like surveys are determined in [33] (see their figure 6), using the validity of linear
perturbations, the effect of the field of view and the sky area. Based on their results, we
assume the following multipole limits for our nominal surveys:

SD: ℓmin(z) = 2, ℓmax(z) = 450/(1 + z),
IF: ℓmin(z) = 150/(1 + z), ℓmax(z) = 500 .

(2.2)

In the SD case, the maximum ℓ is imposed by the telescope beam. In fact, the beam damps
the signal before the limit is reached, and we need to include this damping in the HI power [34]:

CHI×HI
ℓ (z1, z2) −→ βℓ(z1) βℓ(z2) CHI×HI

ℓ (z1, z2), (2.3)
CHI×κ

ℓ (z) −→ βℓ(z) CHI×κ
ℓ (z), (2.4)

where the angular power spectra CA×B
ℓ are defined in section 3 and section 4, and the

beam factor is

βℓ(z) = exp
{

−ℓ(ℓ + 1)
16 ln 2 [1.22 θb(z)]2

}
. (2.5)

For the IF survey the minimum in (2.2) is imposed by the minimum baseline. The maximum
ℓIF

max = 500 is imposed by the range of validity of linear perturbations. We replaced the
redshift-dependent value in [33] by a constant that is consistent with the limit required to
safely avoid nonlinearity in the CMB lensing signal [20].
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2.2 Filter properties

The radial foreground filter is applicable for both SD and IF surveys. It accounts for the loss
of long-wavelength radial modes which are similar to the nearly spectrally smooth foregrounds
(see figure 1), leading to the Fourier space filter∣∣k∥

∣∣ > kFg = 0.01 h Mpc−1 (SD+IF modes), (2.6)

where we use a value of kFg that is often chosen for next-generation surveys (e.g. [11, 15, 17, 35–
37]). Here we follow the standard assumption that kFg is redshift-independent, although
there is in fact a weak z-dependence [14].

The second filter applies to IF mode only. A baseline with a given physical length
L probes different angular scales ℓ at various frequencies. This implies that intrinsically
monochromatic emission from a foreground point source can contaminate the spectrally
non-smooth signal. If it is assumed that the contamination operates within Nw primary
beams of each pointing, then this leads to the exclusion of the primary beam ‘wedge’ region
in (k⊥, k∥) space. The Fourier space filter is estimated as [14, 16, 17, 38, 39] (see figure 1):

∣∣k∥
∣∣ > tan α(z) k⊥ with tan α(z) =

r(z)H(z) sin
[
0.61 Nw θb(z)]

(1 + z) (IF mode) . (2.7)

Here r is the comoving radial distance, H is the Hubble rate and θb is defined in (2.1).
We assume that Nw = 1. Note that the wedge condition is not strictly a foreground-
avoidance condition — in principle, the wedge can be removed with excellent calibration
of baselines [14, 40], but this is currently not possible with existing technology and we
treat it as futuristic.

Although the foreground filters are expressed in terms of k∥ = kz and k2
⊥ = k2

x + k2
y, they

have a nice geometrical interpretation if we think in terms of kx, ky and kz axes.

1. SD Mode: only (2.6) applies, and consequently the region between the planes kz = ±kFg
is discarded.

2. IF Mode: there is ϕ symmetry and thus the wedge line (blue line in figure 1) upon
rotation about the k∥ ≡ kz axis generates a cone whose apex angle is π/2 − α. The
allowed region (2.7) is the interior of this cone — and its reflection whose axis is the
negative kz axis. Combining with the radial filter (2.6), the cones are truncated by the
planes kz = ±kFg.

3 Angular power spectra

The foreground filters described above have been applied in the literature in Fourier space,
for a fixed line-of-sight direction, i.e., using a flat-sky approximation. In this section, we
apply the filters in angular harmonic space, which is perfectly adapted to analyse fields
on the sky, including all wide-angle correlations. We therefore do not assume a fixed line
of sight, i.e., we do not impose a flat-sky approximation and thus our results encompass
wide-angle correlations.

– 5 –
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For a field X(z, n) on the sky, where n is the line-of-sight direction to the field point,
the spherical harmonic expansion is

X(z, n) =
∑
ℓ≥0

ℓ∑
m=−ℓ

aX
ℓm(z) Yℓm(n) where aX

ℓm(z) =
∫

dΩn Y ∗
ℓm(n) X(z, n) . (3.1)

Here Yℓm(n) are spherical harmonics and aX
ℓm(z) are the spherical harmonic coefficients. The

field X can be related to the primordial curvature perturbation ζk by an angular transfer
function in Fourier space, ∆X

ℓ (z, k), using the Rayleigh expansion

ei k·r = 4π
∑
ℓ,m

iℓ jℓ(kr) Yℓm

(
n

)
Y ∗

ℓm

(
k̂

)
where r = r n . (3.2)

Here r is the line of sight distance and jℓ are spherical Bessel functions. Then it follows,
as shown in detail in [41–44], that

aX
ℓm(z) = 4π iℓ

∫
DX

d3k

(2π)3 Y ∗
ℓm(k̂) ∆X

ℓ (k, z) ζk . (3.3)

For example, if X is the HI brightness temperature contrast, then the dominant terms in
∆HI

ℓ are given by matter density contrast and redshift space distortion terms:

∆HI
ℓ (k, z) = bHI(z) jℓ

(
kr(z)

)
Tδ(k, z) + (1 + z)

H(z) k j′′
ℓ

(
kr(z)

)
Tv(k, z) . (3.4)

Here bHI is the HI bias, δ is the matter density contrast, v is the peculiar velocity, and T
are the standard transfer functions in Fourier space:

δk(z) = Tδ(k, z) ζk , vk(z) = Tv(k, z) ζk . (3.5)

In (3.3), DX(z) is the region of integration in Fourier space. Thus we can study the
effect of foreground filtering by restricting the region of integration for (3.3) as in figure 1
for SD and IF modes. For later computation of angular power spectra, it is useful to write
these regions in an explicit form.

1. The CMB lensing region Dκ is not affected by HI foregrounds filters.

2. The HI region DHI follows from figure 1. For both survey modes, 0 ≤ ϕ ≤ 2π and
k > kFg| sec θ|, where θ is restricted by

0 ≤ θ ≤ π (SD mode) , (3.6)
0 ≤ θ < π/2 − α or π/2 + α < θ ≤ π (IF mode) . (3.7)

Since α is z dependent, so is the region of integration DHI(z).
With this, we can now calculate the correlations amongst two fields X, Y :〈
aX

ℓm(z)aY ∗
ℓ′m′(z′)

〉
= (4π)2iℓ−ℓ′

∫
DX(z)

d3k

(2π)3

∫
DY (z′)

d3k′

(2π)3 Y ∗
ℓm(k̂) Yℓ′m′(k̂′)

× ∆X
ℓ (k, z) ∆Y

ℓ (k′, z′) ⟨ζkζ∗
k′⟩ . (3.8)

– 6 –
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We can simplify (3.8), using ⟨ζkζ∗
k′⟩ = (2π)3δ(3)(k − k′)Pζ(k), where Pζ(k) is the primordial

power spectrum:〈
aX

ℓm(z) aY ∗
ℓ′m′(z′)

〉
= 2

π
iℓ−ℓ′

∫
d3k Y ∗

ℓm(k̂) Yℓ′m′(k̂) ∆X
ℓ (k, z) ∆Y

ℓ (k, z′) Pζ(k) . (3.9)

Here the integration is performed over the region common to both DX(z) and DY (z′). Notice
that in the absence of foreground filtering, the common region is the whole 3D space and we
can perform angular integration which leads to δℓℓ′ and δmm′ — as expected in the absence
of foregrounds. But in the presence of foregrounds this is no longer true.

Furthermore, since κ × κ is unaffected by HI foregrounds, we only study the HI auto
(HI × HI) and cross (HI × κ) correlations. In practice, observations of the HI brightness
temperature average over finite redshift bins, which are defined by window functions. The
harmonic coefficient for any given window function W (z, z̃), centred at redshift z, follows
from (3.3):

aHI
ℓm(z) = 4π iℓ

∫
dz̃ W (z, z̃) ∆HI

ℓ (k, z̃)
∫

DHI

d3k

(2π)3 Y ∗
ℓm(k̂) ζk . (3.10)

However we find that significant computational complications arise with window functions
when including foreground filters, and for our purposes here we show numerical results using
only a Dirac window, W (z, z̃) = δD(z − z̃).

3.1 HI auto power

Integration over ϕ in (3.9) gives δmm′ due to axial symmetry. Then the HI correlations
take the form〈

aHI
ℓm(z) aHI∗

ℓ′m′(z′)
〉

= fm,m
ℓ,ℓ′ δmm′

∫ 1

Z(z,z′)
dx P m

ℓ (x) P m
ℓ′ (x) CHI,HI

ℓℓ′ (z, z′, x), (3.11)

where we defined

CXY
ℓℓ′ (z, z′, x) = 2

π

∫ ∞

kFg/x
dk k2 ∆X

ℓ (k, z) ∆Y
ℓ′ (k, z′) Pζ(k) . (3.12)

Here P m
ℓ (x) are associated Legendre polynomials, the lower limit of the x integral is

Z(z, z′) =

π/2 for SD,
max {sin α(z), sin α(z′)} for IF,

(3.13)

and

fm,m′

ℓ,ℓ′ = iℓ−ℓ′

2
[
1 + (−1)ℓ+ℓ′+m+m′] [(2ℓ + 1)(2ℓ′ + 1)(ℓ − m)!(ℓ′ − m′)!

(ℓ + m)!(ℓ′ + m′)!

]1/2
. (3.14)

3.2 HI ××× κ cross power

For the cross correlation, as pointed out above, Dκ is the whole of Fourier space. Thus (3.9)
simplifies to 〈

aHI
ℓm(z)aκ∗

ℓ′m′
〉

= fm,m
ℓ,ℓ′ δmm′

∫ 1

sin α(z)
dx P m

ℓ (x) P m
ℓ′ (x) CHI,κ

ℓℓ′ (z, x). (3.15)

In the case of SD mode, α = 0.

– 7 –
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We highlight some of the common features shared by expressions (3.11) and (3.15):

• There is an explicit m dependence and both expressions are invariant under m → −m.
This is a consequence of ϕ symmetry in Fourier space.

• There are off-diagonal correlations, i.e., ∆ℓ = ℓ′ − ℓ ̸= 0, due to the loss of θ symmetry
in Fourier space (explicit in figure 1).

• From (3.14), it is clear that fm,m
ℓ,ℓ′ ̸= 0 only when ℓ + ℓ′ is even. This implies that

∆ℓ = ℓ′ − ℓ is also even, ensuring that both expressions (3.11) and (3.15) are real.

Given an m dependence and the presence of non-diagonal correlations in (3.11) and (3.15),
we can define the generalized angular power spectra for both auto and cross correlations
in the presence of foreground filters:

CXY
ℓℓ′ (z, z′) =

L∑
m=−L

〈
aX

ℓm(z) aY ∗
ℓ′m(z′)

〉√
(2ℓ + 1)(2ℓ′ + 1)

where L = min{ℓ, ℓ′} . (3.16)

In the absence of foregrounds, i.e., when kFg → 0 and α → 0, this expression takes the
expected form,

CXY
ℓ (z, z′) = 2

π

∫ ∞

0
dk k2 ∆X

ℓ (k, z) ∆Y
ℓ (k, z′) Pζ(k) . (3.17)

4 Numerical results and discussion

Before discussing our numerical results, we should also mention that we have benchmarked
our code with Class as the results from both should match in the absence of foregrounds
(see the orange and blue curves in figure 2). For the cross power, excellent agreement is
found. In case of auto power, on account of numerical complications, there are fluctuations
but the match is still good.

4.1 Comparison of diagonal and off-diagonal terms

In figure 2, we study the effect of ∆ℓ on both auto and cross power spectra, as given by (3.16).
The angular scales, in SD and IF modes and for auto and cross spectra, are chosen as per
the discussion in section 2. Beam effects are not included in this plot since our objective is
only to compare relative magnitudes of power spectra for various ∆ℓ values.

In the top and bottom panels, we respectively show the auto power CHI,HI
ℓ,ℓ+∆ℓ(z, z) and

cross power CHI,κ
ℓ,ℓ+∆ℓ(z) at z = 2, for different ∆ℓ. The left and right panels are respectively for

SD and IF modes. For the auto power HI×HI, it is evident that the non-diagonal correlations
ℓ ≠ ℓ′ are neglible compared to the diagonal ones: we can safely neglect the non-diagonal
correlations and take ℓ = ℓ′ in (3.16) for HI × HI. In the cross-power case, HI × κ, this also
holds for the ∆ℓ = 4 contributions, but the ∆ℓ = 2 contributions are significant for a small ℓ

interval on the largest available scales. For an accurate treatment, it would be necessary to
include these off-diagonal contributions, but for our purposes we will neglect them.
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Figure 2. Effect of ∆ℓ on the auto power HI × HI (top) and cross power HI × κ (bottom), for
single-dish (left) and interferometer (right) surveys, at z = 2. We also make a comparison between
our code (orange curves, ‘nFg’) and the Class code (blue curves) code in the absence of foregrounds.
Our code agrees with Class, especially for the cross power; for auto power, numerical complications
cause oscillations, even in the absence of foregrounds. Green, magenta and red curves show the effect
of foreground filters for ∆ℓ = 0, 2, 4 respectively. (We use a Savgol filter [45] of order 4 and window
size 15 for smoothingn.)

4.2 Power loss due to foreground filters

We further investigate both auto and cross power spectra in the presence of foregrounds,
including the effect of the telescope beam in SD mode and of the minimum baseline in
IF mode. Our findings are:

1. For auto spectra, figure 3 shows that the power loss in IF mode is similar to that of SD
mode in the overlap region, i.e., the region of common ℓ values. Although the losses
in both spectra increase as z increases, the power loss becomes more prominent for IF
mode as compared to SD. This can be understood from (3.13), since increasing z leads
to a larger value of sin α, which in turn reduces the integration range in (3.11).

2. In the cross-power case, HI × κ, figure 4 shows the same trend of power reduction as a
function of z. But in contrast to the auto spectra, the power reduction in the overlap
region for both SD and IF modes is the same.

3. Furthermore the HI × κ signal vanishes for ℓ < ℓ0. Since ℓ0 < ℓIF
min, this feature is not

seen in IF mode, but only in SD mode. Further, since 0 ≤ x ≤ 1 [see (3.15)], we have
k > kFg/x > kFg. Then a rough estimate of ℓ0 is

ℓ0(z) ∼ kFgr(z) ∼
(
23, 36, 44

)
for z =

(
1, 2, 3

)
. (4.1)
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Figure 3. Foreground filtering effects on the auto HI power in SD and IF modes at z = 1, 2, 3. The
range of ℓ values are chosen following (2.2). For each redshift, the first panel compares the SD power
spectra, including the telescope beam as in (2.3). It can be seen that the beam damps the signal with
increasing strength as z increases. The middle panel does the same for IF mode. The third panel
compares the ratio CFg

ℓ /CnFg
ℓ for the two modes of survey. It is apparent that in the overlap range

(shaded region) the power loss in SD mode is smaller than or equal to that in IF mode.

These estimates match reasonably well with the values evident from figure 4 (left-most
panels).

4. The HI × κ power is more severely affected by foregrounds than the HI × HI power
in both survey modes, for all redshifts used in our analysis. In figure 5, we make a
comparison of the power loss for SD and IF modes at z = 2. For both modes of survey,
and for auto- and cross-power, the power loss decreases for larger ℓ values. When
ℓ ∼ 500, the power losses in IF mode for the auto and cross spectra approach the
same value.

5 Conclusion and outlook

HI intensity mapping offers a powerful new probe of cosmology. However, the exploitation of
this probe requires the removal of very large foreground contamination. In this paper, we
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Figure 4. As in figure 3 but for the cross-power HI × κ, including the HI telescope beam as in (2.4).
In the first panels for each z, vertical dashed lines show the locations of ℓ0, estimated using (4.1). It
is evident that the estimate of ℓ0 is quite accurate. The third column of panels shows that the power
loss is the same for both SD and IF modes in the overlap range. (On account of large oscillations at
high ℓ we use a Savgol filter of larger window size 35 and order 4.)
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Figure 5. Comparison of HI×HI and HI×κ power losses due to foregrounds at z = 2.0. For both
auto and cross power spectra, and in both modes of survey, CFg

ℓ /CnFg
ℓ increases with ℓ, so that the

power loss decreases as ℓ increases. The power loss for HI×κ is always ≥ that for HI×HI.
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present a more modest treatment, in which filters are applied that aim to avoid the regions
of serious foreground contamination. This can give an indication of what is possible, but it
is clearly not a substitute for a comprehensive analysis and data pipeline that incorporate
foreground cleaning.

We develop a new geometrical interpretation of foreground filtering for HI intensity
mapping in harmonic space. Our analysis does not depend on a flat-sky approximation
(with its fixed line of sight) and therefore incorporates all wide-angle correlations. The
main analytical results are given in (3.11)–(3.15), showing the generalised power spectra
CHI,HI

ℓ,ℓ′ and CHI,κ
ℓ,ℓ′ .

In order to keep computational complications under control, we only present numerical
results for the Dirac window choice in (3.10). The cross power HI × κ is independent of
window functions.

As an application, we study the foreground-filtered HI × HI and HI × κ spectra, where
κ is the CMB convergence field. We can summarise our findings as follows.

• Foreground filtering in harmonic space leads to a loss of symmetry and consequently to
anisotropic angular power spectra in which there are off-diagonal correlations, Cℓ,ℓ′ ̸= 0
for ∆ℓ ≡ ℓ′ −ℓ = 2, 4, · · · . For the auto power HI×HI, these off-diagonal correlations are
negligible, as illustrated in figure 2. In the cross power, HI × κ, the ∆ℓ = 2 contribution
is not negligible for a small interval of the largest available scales (lowest ℓ). A more
accurate treatment of the cross power should include this contribution.

• When neglecting the ℓ′ ̸= ℓ contributions and instrumental noise, our numerical results
are well illustrated by figure 3–figure 5.

• The power losses due to foreground filtering for both auto- and cross-power, increase
with redshift z, as expected.

• For a given z, harmonic multipole ℓ and observing mode (single-dish or interferometer),
the power loss in auto-correlations HI×HI is less than or equal to that in cross-
correlations HI × κ.

• The power loss for the interferometer mode of operation is equal to, or slightly greater
than, the loss for single-dish mode, on the multipole interval where both modes have
signal. The approximate equality may seem surprising, since the foreground wedge
avoidance affects only interferometer mode. However, this wedge loss only applies to
higher multipoles, where the single-dish telescope beam has already effectively wiped
out the signal. (Note also that we neglect the thermal noise, which is different for
single-dish and interferometer modes.)

• The HI×κ power spectrum vanishes in single-dish mode for ℓ < ℓ0, where ℓ0 is estimated
in (4.1). This feature is not seen in IF mode since ℓ0 < ℓIF

min.

• The loss of power in HI × κ, due to foreground avoidance, is less severe than in a
Fourier analysis which uses the flat-sky approximation, e.g. [30] (see their figure 1).
The flat-sky approximation neglects wide-angle correlations of HI intensity and CMB
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convergence at each redshift — whereas our angular cross-power spectrum includes
these correlations, which reduces the loss of signal. We intend to further investigate
this in a follow-up work.

Finally, our techniques are general and may be useful to derive wide-angle analytical
expressions for foreground-filtered angular HI auto- and cross-bispectra (see e.g. [33, 46, 47]
and references therein).
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