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Abstract

This paper treats a time-dependent singularly perturbed reaction-diffusion problem. We
semidiscretize the problem in time by means of the classical backward Euler method. We
develop a fitted operator finite difference method (FOFDM) to solve the resulting set of linear
problems (one at each time level). We prove that the underlying fitted operator satisfies the
maximum principle. This result is then used in the error analysis of the FOFDM. The method
is shown to be first order convergent in time and second order convergent in space,
uniformly with respect to the perturbation parameter. We test the method on several
numerical examples to confirm our theoretical findings.

1 Introduction

When solving numerically time-dependent singularly perturbed problems, it is customary to
consider dimension splitting: The problems are semidiscretized in time (for example by
using the classical backward Euler or Crank—Nicolson scheme). Then, at each time level, a
set of stationary problems is solved using a suitably designed numerical method. Singularly
perturbed problems involve a (perturbation) parameter which multiplies the highest derivative
term in the model-equation of the problem. The solution to such problems is characterized by
layer regions which are narrow parts of the domain over which the solution undergoes abrupt
changes. It is well known that classical methods are not appropriate when the perturbation
parameter becomes small unless very fine meshes are used for spatial discretization. However,
this approach has two side effects: it increases the round-off error and the computational cost.
There is a vast literature about non-classical numerical methods. In the context of finite
differences, we can group these methods into two classes: the class of fitted mesh methods
and the class of fitted operator methods. Both these types of methods have been used to solve
stationary singularly perturbed problems in one and several dimensions. As examples, see
Linf and Stynes (1999), Lubuma and Patidar (2006), Miller et al. (1996), Munyakazi and
Patidar (2010a,b, 2012), Patidar (2005, 2007), Roos et al. (1996), Shishkin (1986, 2005). It
should be noted that the discovery/development of fitted mesh methods is anterior to that of
the fitted operator ones. The analysis of the latter is simpler due to the fact that they are based
on uniform meshes unlike the former where non-uniform meshes are designed.
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This paper is concerned with the problem of finding a numerical solution of the following time-
dependent singularly perturbed reaction-diffusion equation

ug + Ly u= f(x,t), (x,0) eQ=2Lx(0,T]=(0,1) x(0,T), (1)
subject to the initial and boundary conditions

u(x,0) =0, xeQ, w0, t)=uwu(l,t)=0,r (0, T]. (2)
The spatial differential operator is defined as

L.T,EH = _Eu_r_r —|—f?|[_,‘{., I)u.

where ¢ >0,b = >0, for all (x,t) € Q and the data b, f € c(4:2)(Q ). Also, we impose the
following compatibility conditions between data of problem (1), (2) so that the exact

solution u(x,t) € C(4:2)(Q ):

FO,0=f(1,00=0, (Lyf)0.00=1(0,0), (Lyf)1.0)=f(1,0). (3)
The solution of problem (1), (2) is such that Hemker et al. (2000)

|u{k'””{x. 1) = C[1+ E_kf’z{exp{—\,fﬁ_ﬁ:‘x] + exp{—,fﬂ{l —x))], (4)

where 0 < k + 2m < 4. Bounds (4) highlight the fact that the solution of (1), (2) has a
boundary layer at x =0 and x = 1.

Many researchers have treated time-dependent singularly perturbed problems. Below, we
mention a few examples. A uniformly convergent scheme for convection-diffusion parabolic
problems is developed on a nonuniform mesh in Clavero et al. (2003). Numerical methods are
designed in Jorge and Bujanda (2004) to integrate reaction-diffusion parabolic problems with
non-linear reaction terms. An alternating direction method applied to singularly perturbed
reaction-diffusion problems is analyzed in LinB and Madden (2010). In Clavero and Gracia
(2010), a uniformly convergent finite difference method is designed for parabolic reaction-
diffusion problems in one dimension. A Schwarz domain decomposition method is designed in
Rao and Kumar (2011) for a system of coupled singularly perturbed reaction-diffusion
equations.

All the above methods are applied on nonuniform meshes (of Shishkin, Bakhvalov or
Vulanovic types). Inspired by the simplicity of analysis on uniform meshes and having
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noticed that, up to the best of our knowledge, no fitted operator finite difference methods
developed for problems of the type (1), (2), our aim in this paper is to design one such
method. Also, we prove that the method is second order uniformly convergent with respect
to the singular perturbation parameter. We test the method on several numerical examples to
confirm our theoretical findings.

The remainder of this paper is organized as follows: in Sect. 2, we discretize problem (1),
(2) in time by using the classical backward Euler scheme. This results in a set of linear
reaction-diffusion problems (one at each time-level). These problems are discretized in Sect.
3. A result on the stability of this method is proved in this section as well as the discrete
maximum principle satisfied by the underlying discrete operator. Section 4 is devoted to the
analysis of the fully discrete method presented in Sect. 3. Through this analysis, we show
that the method is uniformly convergent with respect to €. Several numerical examples are
provided in Sect. 5 to confirm in practice the theoretical findings. Some concluding remarks
and future plans end the paper.

2 The time semidiscretization

In this paper, we first discretize the problem in time by means of the backward Euler method.
This results in a linear problem in space at each time level which we discretize using a fitted
operator method in next section. The time interval [0, T'] follows:

oK =ty =kt, 0<k<K, 7=T/K) (3)

Then the problem (1), (2) is discretized on @ K in the following manner:

z(x, te)—z(x, tg—1)

T
Z(x,0) =0, forall x e (0,1), z(0,%)=2z(l, 1) =0. (7)

+Lxe(zix,))=f(x. 1), 1=k =K, (6)

We now introduce auxiliary problems in order to define the local error. We have

Z(x, te)—u(x, tk—1)
T

4L GN=Ffx.n), 1=k=<K, z(0,) = z(1, ) = 0.(8)

We rewrite Eq. (8) as

(I + 1Ly )z(x,tp) =tf(x. tp) +ulx, tp_1). (9)

Subtracting Eq. (9) from (1) and expanding u(x, tk—1) in Taylor series we obtain
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Eu
Ly Ep = —Tﬁ‘ - %un(x. t) + higher order terms

where EJ = u(x,tk)— Z (x, tk ) is the local error associated with method (6) and u¢t is the

second derivative of u with respect to time. Since ||(I + TLx,e) ™| |0 <1/(1 + 7f) and in

virtue of (4), we see that Lemma 2.1 (Clavero et al. (2000)) The local error associated with
method (6) satisfies

|Ek||g = Ct2, 1<k =K.

The result on the global error follows naturally.
Theorem 2.2 (Clavero et al. (2000)) The global error associated with method (6), defined
by ek =u(x, tk) — z(x, tr), satisfies,

llekllg =Ct, 1=k=K

and therefore the backward Euler method is a first order uniformly convergent scheme.

The next Lemma gives the bounds of the solution of the semidiscrete problem (6) as well as
those of its derivatives.

Lemma 2.3 Let z(x, tk) be the solution of problem (6) at the time level k. Then, we have

12 (x, 1) = C[1 + e ™ (exp(—+/B/ex) + exp(—+/B/e(1 — x))]

where D =m <=4and 1 =k = K.

Proof See Clavero and Gracia (2010) At each time level, a boundary value problem is
obtained by using the backward Euler method. In the next section we design a fitted operator
finite difference (FOFDM) to solve this set of linear reaction-diffusion problems.

3 The fully discrete method
Let N be a positive integer. We consider the following partition of the interval [0,1] which we

denote by QN,

xp=0, xi=xg+ih, i=1(1)n, h=x; —xj_1, axy=1

andlet Q VK = QN « oK be the grid for the x, t-variables, and oNVE =0oNKnQ.
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k
In the rest of this paper, we adopt the notation "j = w(x; , t;) and denote the
approximations of the ~/ at the grid points (xj, tk) by the unknowns ~J .

Using the theory of difference equations for problems in one dimension Mickens (1994), we
construct the following scheme:

Uk _ !
NKyk _ 1 1) N ik k
where
vk —2uf + Uk
N gk — j+!1 J il kprk
I
with the discrete initial and boundary conditions
U} =0, j=0,....N, (11)
Ub=ut =0 1<k=K, (12)
where
2 pih (1,
i = —sinh | — and p;j= || =+b")e L. 13
?) Pj (2) & 'v'(r ! (1)
The scheme (10)—(17) is a tridiagonal system of linear equations
AU = F (14)

where the corresponding entries of A and F are

A{'j_rj £:JF—].._}':2.3 ..... H—].
Fi=ff+U""rj=12..n-1,
With
- _ £ C_EE b.‘. d + _ €
r; G Fj F — + joand r; =——
J ] J

We refer to the method developed above as the FOFDM for the parabolic problem (1),
(2).
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In the discussion below, M may denotes a positive constant which may take different values in
different equations and inequalities but is always independent of € and the step-sizes h and
T.

Before we embark on the analysis of the scheme developed above, we will present a
number of results in the form of Lemmas which play a crucial role in the said analysis.

Lemma 3.1 [Discrete maximum principle] Let L f."r' K be the discrete operator given in (10)
and W% any mesh function satisfying W} = 0, 0<j=N, =0, Whk=0 1<k=K
and Lfﬁwf =0 in ON'X_ Then wjf = 0in ON-K

Proof Let (s, 1) be indices such that

l . k k AN K
V. =min¥;, Wv:e@ .
Yogk

Assume that llJ'i < 0. It is clear that (s,/)  {1.2,....N — 1} x {1.2,.... K — 1}

otherwise 'L]J"Sr = U..Wc observe that llli = lIJ';l = () and llJ';_l — '-IJ;l = (). Therefore

LYKyl <

which is a contradiction.
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Lemma 3.2 [Uniform stability estimate] At any time level k, if Zj;: is any mesh function such
that Z, = Z§, = 0, then

1 ,
1Z¥ <= max [LNKZE for 0<i <. (15)
B 1=j=N-1 J
Proof Let
1 N.K Sk
P=g sy ke 2]

and ( tliilﬁ be the mesh function defined by
whf =p 7k
It is clear that (U5)8 = (W)X = P = 0. Also, for 1 = j = N — 1, we have

k
P+Z8,,

—2pxzhy+ P+ 7k,
L:J,x(wi}fcr_ _ _E[ i J

_
?j
1,
+(—+b"-)(P:|:Zk-}
r J
(1, N.K 7k
= ;+bj)P:tL£ zk

_ 1y N.K 7k N.K 7k

Since 1/t + b? = B, we have L:’I'K ('-]Ji)j"- = 0. Thus, by the discrete maximum principle
(Lemma 3.1), we obtain

(W5 =0 for 0<j<N.
We are now ready to analyze the method.
4 Error analysis of the fully discrete method

For the sake of simplicity, we will ignore the time level index. The local truncation error of our
FOFDM is obtained from (10) in the following manner:
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Lf‘K(U_; —2j) = (Lxe — L_!;i.f.-}:’-f

Zj+l — 2z +2j-1
= —E‘E’.j -+ |i£ J <qu ] j|
¢;
j

. E . .
— —E‘E’.;—FE[h23}+ﬁzin']('§j}j|-. EjE(xj—|~x_.f+|) (]6}
J

Note that we have used Taylor expansions of zj 4| and zj_|. A truncated Taylor expansion
of 1/ q’)f of order five reads

2 242
1P 4 1 N pih (17
¢} 4 pih? 3 60 J ;'

Now, using (17) in (16), we obtain

' £ . 7 ’
LYK U —2 =[S e €-pdp]n?

2 4
P 1 ep;
2 J Iy 4 J _{ivhse v, 0
+ |20 ——z ht+ —L 2@ g yh
{Eﬂ; (241:1 Saat })} 2ss0° &)

The following Lemma will be useful in the continuation of this discussion.

Lemma 4.1 For a fixed mesh and for all integers m, we have

exp(—Mxj/\/¢)

lim max = =0 and
g0 1<j<N—1 g/ =

, exp(—M (1 — xj)//€)

lim max = =0.
se—=01=j=N-1 gMi=

Proof See Munyakazi and Patidar (2010a) or Patidar (2007)

Using Lemmas 2.3 and 4.1, we obtain

LYK wj —zj)| = Mh*.

Then by Lemma 3.2 and re-instating the dropped time level index, we have proved the

following theorem.
k

U"
Theorem 4.2 Let / be the numerical solution of (10) and z(x, tk) the solution of (6) both
at the time level k. Then and therefore the FOFDM is a second order uniformly convergent

scheme in space.
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The global error satisfies

k
|

k k k k k
LY R § R s
”—{; ujl .|LJ, A_JI—I—Ia.JI uijl,

thus, combining Theorems 2.2 and 4.2 leads to the final result of this work:

k
Theorem 4.3 Let Uf be the numerical solution of (10) and u(x, t) the solution of (1), (2).
Then
max  |U* —uk| = M(h% + 7). (18)
O<j<N.l<k<k J 1

5 Numerical results

In this section, we illustrate our method with four numerical examples. The exact solutions to
our test examples are not known. We therefore use a variant of the double mesh principle to
estimate the errors of the computed approximations.

The maximum errors at all mesh points are calculated using the formulas

eN.T (2N,
T = Uy

g Nt _
E .k

I
 max I o
D=j=N:0=k=K

reh T

Where * is the approximate solution obtained using a constant time step t and space
£2N,

step h. Likewise, /*. is computed using the constant time step 7/4 and space step h/2.

The numerical rates of convergence are computed using the formula Doolan et al. (1980):

rp=re = IDEE(EE"M“'TKEE'Q'&'&'%L [=1,2,...

Furthermore, we compute

E_.".l'_-[ — max Eé'..‘"l'.'[
D<=l

and the numerical rate of uniform convergence as
Ry . = logy(EN [/ E2N, r/4)-

Example 5.1 Clavero and Gracia (2005)
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]—|—Jc:2

2
u(x,0)=0, xe][0,1]:

Ut — EMxx +

w(0,0) =u(l, 1) =10,

u==t, (x,t)e(0,1)x(0,1];
t €(0,1].

(19)

(20)

Our theoretical analysis shows that the method developed is second order uniformly
convergent in space independently of the perturbation parameter € as mentioned in Theorem
4.2. This is confirmed by numerical results presented in Tables 1 and 2 where we computed

the maximum errors E&N,T and the corresponding rates of convergence 1], respectively. The

last row of Table 1 gives EN,¢ while the rate of uniform convergence RN, is displayed in the

last row of Table 2.

The next three examples are chosen to show that the effect of the compatibility conditions is
not as severe as it is in the case of numerical methods based on non-uniform meshes.

Table 1 Results for Example 5.1: maximum errors E*- Nt

P N=32 N = 64 N =128 N =512
r=0.1 r=0.1/4 T =0.1/4 =0.1/43 r=0.1/4*
26 2.88E—02 0.71E—02 0.18E—02 442E—04 1.10E—04
28 2.97E—02 0.73E—02 0.18E—02 4.54E—04 1.13E—04
210 3.01E—02 0.74E—02 0.18E—02 4.58E—04 1.1SE—04
2—16 3.02E—02 0.74E—02 0.18E—02 4.50E—04 1.1SE—04
218 3.02E—02 0.74E—02 0.18E—02 4.50E—04 1.1SE—04
220 3.02E—02 0.74E—02 0.18E—02 4.50E—04 1.1SE—04
230 3.02E—02 0.74E—02 0.18E—02 4.50E—04 1.15E—04
Ey.+ 3.02E—02 0.74E—02 0.18E—02 4.50E—04 1.15E—04
Table 2 Results for B - . .
Example 5.1: ca{nvlergence rates ! - : :
Ny =3 =1 ] = 1(1)
, Np =32 270, I=14 g 2.0202 1.0708 2.0266 2.0004
28 2.0245 2.0199 1.9875 2.0004
2-10 2.0242 2.0395 1.074 2.0004
216 2.029 2.0395 1.9702 2.0005
2-18 2.020 2.0395 1.9702 2.0005
2—20 2.020 2.0395 1.0702 2.0005
230 2.029 2.0395 1.9702 2.0005
Ry - 2.029 2.0395 1.9702 2.0005

http://repository.uwc.ac.za
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Example 5.2 Clavero and Gracia (2010)

7
A

l +x

Wy — Elyy + u=-exp(x) —1+sin(mrx), (x.1r)e(0,1)=x(0,1]; (21)

uix,0)=0,x e [0,1]; w(0,t) =u(l,t)=0, t € (0, 1]. (22)
Example 5.3 Clavero and Gracia (2005)

2

1 +x°

u=(1+03 (x.6) =0, 1) x(0,1]; (23)
ux,0)=0, xe[0,1]: w0 t)=wu(l,t)=0, te(0,1]. (24)

My — Elyy +

Example 5.4 The following example was also considered:

2+x 7
u=14+1t", (x,t)e(0,1)x(0,1]; (25)

Ut — EUxx +

ulx.0)=0, x<[0,1]; w0 t)=wu(l,t)=0, te(0,1]. (26)

For each of these test examples, we computed the maximum errors E€N,T (see Tables 3, 5
and 7) and the corresponding rates of convergence r] (see Tables 4, 6 and 8). The regularity of
the exact solution is lowered by the non satisfaction of the compatibility conditions (3).
However, this does not impact negatively on the e-uniform order of convergence of our
method unlike what is observed in Clavero and Gracia (2005) where the third order of
uniform convergence is reduced to one.

11
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Table 3 Results for Example 5.2: maximum errors E% N,

P N=32 N =64 N =128 N =256 N =512
r=0.1 r=01/4 T =0.1/4 =014 r=0.1/4%
26 274E—02 0.69E—02 0.17E—02 434E_04 1.09E—04
28 343E—02 0.87E-02 0.22E-02 544E—04 1.36E—04
210 3.83E—02 0.97E—02 0.24E—02 6.11E—04 1.53E—04
2-16 4.13E—02 LLOSE—02 0.27E—02 6.66E—04 1.6TE—04
2—18 4.13E—02 LLOSE—02 0.27E—02 6.66E—04 1.6TE—04
2—20 4.13E—02 LLOSE—02 0.27E—02 6.66E—04 1.6TE—04
230 4.13E—02 LLOSE—02 0.27E—02 6.66E—04 1.6TE—04
En.: 4.13E-02 1LOSE-02 0.27E-02 6.66E—04 1.67TE—04
Table 4 Results for R , . , .
Example 5.2: co{m‘lergence rates ! 2 3 4
i Np =32 270 I=14 56 1.9805 2.0211 1.9699 1.9997
28 1.9791 1.9835 2.0152 1.9997
2-10 1.0813 2.015 1.9736 1.9996
2-16 1.0758 1.0504 2.0101 1.0075
218 1.9738 1.9594 2.0191 1.9975
2-20 1.9758 1.9594 2.0191 1.9975
2-50 1.9758 1.0594 2.0191 1.0975
Ry 1.9758 1.9504 2.0191 1.9975
Table 5 Results for Example 5.3: maximum errors E&N-T
£ N=32 N =64 N =128 N =256 N =512
T =0.1 r=0.1/4 T =0.1/4 r =0.1;4° T=0.1/44
2—6 1.502E—01 3.79E—02 0.95E—02 0.24E—02 5.03E—04
28 1.613E—01 405E—02 1.01E—02 0.25E—02 6.34E—04
2-10 1.634E—01 4.15E-02 1.04E—02 0.26E—02 6.50E—04
216 1.67E—01 4.18E-02 1.0SE—02 0.26E—02 6.54E—04
218 1.6TE—01 4.18E—02 1.0SE—02 0.26E—02 6.54E—04
2-20 1.67TE—01 4.18E-02 1.0SE—02 0.26E—02 6.54E—04
2-30 1.6TE—01 4.18E—02 1.0SE—02 0.26E—02 6.54E—04
Ep + 1.67TE—01 4.18E—02 1.0SE—02 0.26E—02 6.54E—04

6 Concluding remarks and future plans

A time-dependent singularly perturbed reaction-diffusion problem in one dimension was
treated. We semidiscretized the problem by means of the classical backward Euler method.
The resulting set of linear reaction-diffusion problems was then solved by a novel fitted
operator finite difference method. The whole process was shown to be first order uniformly
convergent in time and second order uniformly convergent in space with respect to the
perturbation parameter. Numerical results presented in Tables 1, 2, 3, 4, 5, 6, 7 and 8 confirm
the theoretical estimates given in Theorem 4.2. Moreover, we noticed that the compatibility

12
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conditions imposed between the data of the problem could be relaxed without impacting
negatively on the performance of the method proposed in this paper.

We are currently investigating similar techniques for time-dependent singularly perturbed
convection-diffusion problems.
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Table 6 Results for

Example 5.3: co{m‘lergence rates " 12 "3 "4
N =32x 270 I=1D4 56 1.0866 1.0062 1.0849 20162
28 1.0038 2.0036 2.0144 1.979
2—10 1.9948 1.0065 2.0000 2.001
2-16 1.9983 1.9931 2.0138 1.9911
218 1.9983 1.9931 2.0138 1.9911
2—20 1.0083 1.9931 2.0138 1.9911
230 1.9983 1.9031 2.0138 1.9911
Ry .+ 1.0083 1.9931 2.0138 1.9911
Table 7 Results for Example 5.4: maximum errors E*: N.t
£ N =32 N =64 N =128 N =256 N =512
r=0.1 r=0.1/4 T =0.1/42 r=0.1/4 T =0.1/4*
26 0.03E—02 0.27E—02 7.06E—04 1.79E—04 4 48E—05
28 1L.13E—02 0.34E—(2 0.01E—(4 2.20E—(4 5.73E—05
210 1.95E—02 0.90E—02 0.24E—02 6.37TE—04 1.62E—04
216 1.18E—02 0.20E—02 7.18E—(4 1.80E—04 4 49E—05
218 1.18E—02 0.20E—(2 7.18E—(4 1.80E—04 4 49E—05
2—20 1.18E—02 0.20E—02 7.18E—(4 1.80E—04 4 49E—05
2—30 1.18E—02 0.20E—(2 7.18E—(4 1.80E—04 4 49E—05
En .+ 1.18E—02 0.20E—(2 7.18E—(4 1.80E—04 4 49E—05
Table 8 Results for P . , .
Example 5.4: co{m‘lergence rates : 2 : N
NP =32x270 I=14 56 1.7843 1.9343 1.0844 1.996
28 1.7327 1.9156 1.9795 1.0054
2—10 1.1155 1.9069 1.0142 1.0762
2—16 2.0247 2.0134 1.0006 1.0003
218 2.0247 2.0134 1.9096 1.0993
2—20 2.0247 2.0134 1.0096 1.0993
2—30 2.0247 2.0134 1.0096 1.0993
Ry . 2.0247 2.0134 1.9096 1.0993
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